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• Integer quantum Hall effect = 

full Landau levels filled 

o Used as resistance standard

• Fractional quantum Hall effect 

= partial Landau levels filled

o Host Abelian and non-Abelian 

anyons potentially useful for 

topological quantum computation

Stormer, Horst L. "Nobel lecture: the fractional quantum Hall 

effect." Reviews of Modern Physics 71.4 (1999): 875.
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Why is quantization of the Hall conductivity so precise?

Prange, R. E. Physical Review B 23.9 (1981): 4802.

Laughlin, Robert B. Physical Review B 23.10 (1981): 5632.

Halperin, Bertrand I. Physical review B 25.4 (1982): 2185.

Thouless, D. J. Physical Review B 27.10 (1983): 6083.
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Niu, Qian, Ds J. Thouless, and Yong-Shi Wu.  Physical Review B 31.6 (1985): 3372.

Girvin, Steven M., and Richard E. Prange, eds. The quantum Hall effect. Springer-Verlag, 1987.

Nayak, Chetan, et al.  Reviews of Modern Physics 80.3 (2008): 1083-1159.
Wilczek, Frank. Fractional statistics and anyon superconductivity. Vol. 5. World scientific, 1990.
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Why is quantization of the Hall conductivity so precise?

• By imposing a lattice, Thouless, Kohmoto, Nightingale, and den Nijs gave an 

explicit formula to compute the Hall conductivity

• Berry curvature is like a built-in magnetic field

• Its integral over a Brillouin zone is always an integer – a topological 

number!

• The Chern number is defined for any lattice system!

Chern number

Berry curvature
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Why is quantization of the Hall conductivity so precise?

• By imposing a lattice, Thouless, Kohmoto, Nightingale, and den Nijs gave an 

explicit formula to compute the Hall conductivity

• Berry curvature is like a built-in magnetic field

• Its integral over a Brillouin zone is always an integer – a topological 

number!

• Each Landau level has a Chern number of one

Chern number

Berry curvature
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Chern number

Berry curvature

The Chern number is defined for 

any lattice system, completely 

agnostic of the origin of time-

reversal symmetry breaking!
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Chern number

Berry curvature

Partially-filled Chern number ≠ 0 bands sometimes form 

fractional Chern insulators – featuring quantized Hall 

conductivity and may host anyonic statistics​

No magnetic field needed – lifting a major technical hurdle

This has been seen in two different classes of materials.
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Twisted MoTe2

• Fractions seen: 1, 2/3, 3/5 

Regnault, Nicolas, and B. Andrei Bernevig. Physical Review X 1.2 (2011): 021014.

Neupert, Titus, et al. Physical review letters 106.23 (2011): 236804.

Behrmann, Jörg, Zhao Liu, and Emil J. Bergholtz. Phys. Rev. Lett. 116.21 (2016): 216802.

Bergholtz, Emil J., and Zhao Liu.  International Journal of Modern Physics B 27.24 (2013): 1330017.

Cai, Jiaqi, et al.  Nature 622.7981 (2023): 63-68.

Zeng, Yihang, et al. Nature 622.7981 (2023): 69-73.

Redekop, Evgeny, et al.  Nature 635.8039 (2024): 584-589.

Xu, Fan, et al.  Physical Review X 13.3 (2023): 031037.
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Twisted MoTe2

• Fractions seen: 1, 2/3, 3/5 

• Noninteracting band 

structure contains narrow, 

isolated Chern bands. 

• Chern number = 1

Wang, Chong, et al.  Phys . Rev. Let t. 132.3 (2024):  036501.
Reddy, Aidan P., et al. Phys. Rev. B 108.8 (2023):  085117.
Yu, Jiabin, et al.  Phys. Rev. B 109.4 (2024):  045147.
Jia, Yujin, et al.  Phys. Rev. B 109.20 (2024): 205121.

Regnault, Nicolas, and B. Andrei Bernevig. Physical Review X 1.2 (2011): 021014.

Neupert, Titus, et al. Physical review letters 106.23 (2011): 236804.

Behrmann, Jörg, Zhao Liu, and Emil J. Bergholtz. Phys. Rev. Lett. 116.21 (2016): 216802.

Bergholtz, Emil J., and Zhao Liu.  International Journal of Modern Physics B 27.24 (2013): 1330017.

Cai, Jiaqi, et al.  Nature 622.7981 (2023): 63-68.

Zeng, Yihang, et al. Nature 622.7981 (2023): 69-73.

Redekop, Evgeny, et al.  Nature 635.8039 (2024): 584-589.

Xu, Fan, et al.  Physical Review X 13.3 (2023): 031037.
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Lu, Zhengguang, et al. Nature 626.8000 (2024): 759-764.

Xie, Jian, et al.  arXiv preprint arXiv:2405.16944 (2024).

Lu, Zhengguang, et al.  Nature (2025): 1-6.

Multilayer Graphene/hBN

• Fractions seen: 1, 2/3, 3/5, 4/7, 

4/9, 3/7, 2/5, 5/9, 5/11 

• Number of layers: 4, 5, 6

• At large displacement field 
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Multilayer Graphene/hBN

• Fractions seen: 1, 2/3, 3/5, 4/7, 

4/9, 3/7, 2/5, 5/9, 5/11 

• Number of layers: 4, 5, 6

• At large displacement field

• Noninteracting band structure 

contains narrow, but not 

isolated, Berry-curvature rich 

bands

• Chern number = 1

• Role of substrate is unclear 
Dong, Zhihuan, Adarsh S. Patri, and Todadri Senthil.  Phys. Rev. 

Lett. 133.20 (2024): 206502.

Herzog-Arbeitman, Jonah, et al. Phys. Rev. B 109.20 (2024): 

205122.

Dong, Junkai, et al.  Phys. Rev. Lett. 133.20 (2024): 206503.

Kudo, Koji, Ryota Nakai, and Kentaro Nomura.  Phys. Rev. B 

110.24 (2024): 245135.

Guo, Zhongqing, et al.  Phys. Rev. B 110.7 (2024): 075109.

Zhou, Boran, Hui Yang, and Ya-Hui Zhang.  Phys. Rev. Lett. 

133.20 (2024): 206504.

Huang, Ke, et al. Phys. Rev. B 110.11 (2024): 115146.

Lu, Zhengguang, et al. Nature 626.8000 (2024): 759-764.

Xie, Jian, et al.  arXiv preprint arXiv:2405.16944 (2024).

Lu, Zhengguang, et al.  Nature (2025): 1-6.
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Now that FCI's from C = 1 bands have been experimentally 

observed, we are motivated to search for 

lattice systems that host bands which are:

• Narrow and isolated post-Hartree Fock renormalization

• Topological with Chern numbers > 1 – beyond Landau level 

paradigm

• Possible candidates for FCI's upon doping



Motivation

Võ Tiến Phong Quy Nhơn, Việt Nam | Slide 5

Analogy to the zeroth Landau level: Trace condition violation

The quantum metric measures distances between Bloch states. 

Ledwith, Patrick J., et al. Phys. Rev. Res. 2.2 (2020): 023237.

This quantity is exactly zero for the zeroth Landau level, is two for the first 

Landau level, and is four for the second Landau level.

Now that FCI's from C=1 bands have been experimentally observed, we are 
motivated to search for lattice systems that host bands which are:

• Narrow and isolated post-Hartree Fock renormalization

• Topological with Chern numbers > 1 – beyond Landau level paradigm

• Possible candidates for FCI's upon doping

Quantum metric
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Analogy to the zeroth Landau level: Trace condition violation

The quantum metric measures distances between Bloch states. 

This quantity is exactly zero for the zeroth Landau level, is two for the first 

Landau level, and is four for the second Landau level.

Now that FCI's from C=1 bands have been experimentally observed, we are 
motivated to search for lattice systems that host bands which are:

• Narrow and isolated post-Hartree Fock renormalization

• Topological with Chern numbers > 1 – beyond Landau level paradigm

• Possible candidates for FCI's upon doping

Quantum metric
Trace condition violation for pentalayer: 0.6-1.45

Trace condition violation for MoTe2: 0.1-0.7

Dong, Zhihuan, Adarsh S. Patri, and Todadri Senthil.  Phys. Rev. Lett. 133.20 (2024): 206502.

Herzog-Arbeitman, Jonah, et al. Phys. Rev. B 109.20 (2024): 205122.

Dong, Junkai, et al.  Phys. Rev. Lett. 133.20 (2024): 206503.

Zhou, Boran, Hui Yang, and Ya-Hui Zhang.  Phys. Rev. Lett. 133.20 (2024): 206504.

Mao, Ning, et al.  Comm. Phys 7.1 (2024): 262.

Xu, Cheng, et al.  PNAS 121.8 (2024): e2316749121.

Reddy, Aidan P., et al. Phys. Rev. B 108.8 (2023): 085117.

Ledwith, Patrick J., et al. Phys. Rev. Res. 2.2 (2020): 023237.
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• Band structures can be gapped by interlayer displacement field

• Bottom of conduction band flattens with increasing field

• The more layers, the smaller the field needed to achieve the same 

gap
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Parallel Configuration

Antiparallel Configuration

Zhang, Shihao, Xi Dai, and Jianpeng Liu. Phys. Rev. Lett. 128.2 

(2022): 026403.​

Liu, Jianpeng, et al. Physical Review X 9.3 (2019): 031021.​

Ledwith, Patrick J., Ashvin Vishwanath, and Eslam Khalaf.  Phys. 

Rev. Lett. 128.17 (2022): 176404.​

Wang, Jie, and Zhao Liu. Phys. Rev. Lett. 128.17 (2022): 176403.

Yang, Mengxuan. Journal of Mathematical Physics 64.11 (2023).

Dong, Junkai, et al. Phys. Rev. Res. 5.2 (2023): 023166.

Perea-Causin, Raul, Hui Liu, and Emil J. Bergholtz. arXiv preprint 

arXiv:2412.02745 (2024).



Twisted Rhombohedral Graphene Multilayer

Võ Tiến Phong Quy Nhơn, Việt Nam | Slide 7

Moiré Structure
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Hybridization is crucial for gap formation, i.e. moiré structure is important!

For concreteness, we consider twisted 3+2 multilayer graphene 

for the remainder of this talk. 
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Hybridization is crucial for gap formation, i.e. moiré structure is important!

Twisted 3+2 Multilayer Graphene
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Antiparallel Stacking Order
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There exists a region in phase space which simultaneously has:

(1) large gaps, (2) small bandwidths, (3) Chern number = 2, and 

(4) the trace condition is relatively small ~ 1.7

Antiparallel Stacking Order
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• As Δ increases in the negative direction, a Chern-two band flattens. 

Charge density is localized on the trilayer substack.

• As Δ increases in the positive direction, a Chern-one band develops 

but is never flat. Charge density is localized on the bilayer substack.

Antiparallel Stacking Order
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• As Δ increases in the negative direction, a Chern-two band flattens. 

Charge density is localized on the trilayer substack.

• As Δ increases in the positive direction, a Chern-one band develops 

but is not isolated. Charge density is localized on the bilayer substack.

Antiparallel Stacking Order
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Parallel Stacking Order
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There exists a region in phase space which simultaneously has:

(1) large gaps, (2) small bandwidths, (3) Chern number = 3, and 

(4) the trace condition is quite small ~ 0.74

Parallel Stacking Order



Non-Interacting Phase Diagram

Võ Tiến Phong Quy Nhơn, Việt Nam | Slide 8

• As Δ increases in the negative direction, a Chern-three band flattens. 

Charge density is localized on the trilayer substack.

• As Δ increases in the positive direction, a Chern-two band develops 

but is never flat. Charge density is localized on the bilayer substack.

Parallel Stacking Order
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• As Δ increases in the negative direction, a Chern-three band flattens. 

Charge density is localized on the trilayer substack.

• As Δ increases in the positive direction, a Chern-two band develops. 

Charge density is localized on the bilayer substack.

Parallel Stacking Order
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• Use layer-dependent Coulomb potential to 

account for uneven charge distribution

• Search for T-breaking isospin-polarized 

ground states 
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Antiparallel Stacking Order

• The Chern-two phase is present even when interactions are included at 
the mean-field level

• Bands remain relatively narrow and well-isolated

• The trace violation is reduced by interactions: 1.7 ➝ 1.4 spectrally narr
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Parallel Stacking Order

• The trace violation is reduced by 

interactions: 0.74 ➝ 0.5

• Bands remain spectrally narrow 
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Parallel Stacking Order

• The Chern-three phase is 
intertwined with the Chern-two 
phase when interactions are 
included at the mean-field level

• The Chern-two phase exists in a 
parameter regime where the non-
interacting bands are not even 
isolated or topological

• The trace violation is reduced by 
interactions: 0.74 ➝ 0.5
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Parallel Stacking Order

• The Chern-three phase is 
intertwined with the Chern-two 
phase when interactions are 
included at the mean-field level

• The Chern-two phase exists in a 
parameter regime where the non-
interacting bands are not even 
isolated or topological

• The trace violation is reduced by 
interactions: 0.74 ➝ 0.5

Trace condition for pentalayer: 0.6-1.45

Trace condition for MoTe2: 0.1-0.7
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Dong, Jingwei, et al. "Observation of Integer and Fractional Chern insulators in high 

Chern number flatbands." arXiv preprint arXiv:2507.09908 (2025).

Transport experiment on twisted 3+2 

rhombohedral graphene:

• Experimental evidence using Hall 

conductivity and Streda's slope

• Quantized C = 3 Chern insulator

• Fractional Chern insulators at v ~ 

12/5 and v ~ 5/2

• Anomalous Hall crystals near v ~ 1
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➢Twisted M + N multilayer graphene features 

narrow topological bands with C > 1.

➢These bands are robust in mean-field 

calculations.

➢The isolated topological bands are localized 

primarily in the thicker substack, suggesting 

that increasing layer number is a promising 

method to engineer other novel phases. 

➢The trace condition suggests that these bands 

are favorable for fractionalized phases. 
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➢Twisted M + N multilayer graphene features 

narrow topological bands with C > 1.

➢These bands are robust in mean-field 

calculations.

➢The isolated topological bands are localized 

primarily in the thicker substack, suggesting 

that increasing layer number is a promising 

method to engineer other novel phases. 

➢The trace condition suggests that these bands 

are favorable for fractionalized phases. 

Thank you!
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• D1 at θ = 1.42° at T = 1 K

• Correlated insulators for v = 

1, 2, and 3 at positive D

• v = 1 with D = 0.517 V/nm 

according to Streda's formula 

but no quantized Hall 

conductivity.

• v = 3 with D = 0.376 

V/nm according to Streda's 

formula but no quantized 

Hall conductivity.

• Magnetic field sweeps at T = 

0.1 K

• D3 at θ = 1.30° at B = 0.5 T 

and T = 1.1 K
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• D1 at θ = 1.42° at T = 1 K

• Correlated insulators for v = 

1, 2, and 3 at positive D

• v = 1 with D = 0.517 V/nm 

according to Streda's formula 

but no quantized Hall 

conductivity.

• v = 3 with D = 0.376 

V/nm according to Streda's 

formula but no quantized 

Hall conductivity.

• Magnetic field sweeps at T = 

0.1 K

• D3 at θ = 1.30° at B = 0.5 T 

and T = 1.1 K

Positive D

pushes 

electrons 

to the 

trilayer 

side
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Why no quantization of Hall 

conductivity?

• Degradation due to cooling 

down? Second cooling down 

has worse quantization

• Thermal absorption due to 

evaporated metal particles? 

Changing gates can help
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• D2 contains thin 

graphite gates at θ = 

1.50°

• Quantized Hall 

conductivity with 

accuracy > 98.2%

• Topological states at 

incommensurate fillings 

v = 2.86 and 3.1? 

Anomalous Hall 

crystal?
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• FC1 

o v ~ 12/5 (v* ~ 2/5)

o C = 6/5 odd 

denominator

o Features resistance 

minimum at zero field

• FC2 

o v ~ 5/2 (v* ~ 1/2)

o C = 3/2 even 

denominator 

o Can be stablized by a 

magnetic field of 4 T.
B = ±0.1 T

D = 0.384 V/nm
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• Integer Chern insulators 

at fractional fillings

o v = 1/2 with C = 1

o v = 3/2 with C = 2

• Again, no quantization

• Time reversal symmetry 

breaking 

• Some sort of competing 

order between charge 

and topology?

• Extended Hall crystal 

phase?
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• 3 devices measured at cryogenic temperatures as a function of 

displacement field, electron filling, and magnetic field

• Streda's slopes confirm Chern number

• Magnetic  hystereses confirm time reversal symmetry

• Ideally, quantization of Hall conductivity accompanied vanishing 

longitudinal should be observed, but this is not always realized due 

possibility to sample quality

• Integer Chern insulators with C = 3 with quantized Hall conductivity

• Fractional Chern insulators with C = 6/5 and 3/2 with quantized Hall 

conductivity (maybe fermionic and bosonic?)

• Anomalous Hall crystals at v = 1/2 and v = 3/2

• Extended anomalous Hall crystal phase v = 1-3/2
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