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Where Do We Stand?
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➡ hints of θ23 ≠ π/4

➡ expectation of Dirac CP phase δ 

Recent T2K-NOvA joint analysis: (Z. Vallari, FNAL, Feb’24)

  slight preference for IO; δ ≃ - π/2 ;  


  T2K-NOvA-DayaBay ⇒ NO

θ23 > 45o
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  ☞ Smallness of neutrino mass:

Open Questions - Theoretical

mν ≪ me, u, d

  ☞ Flavor structure:
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Fermion mass and hierarchy problem ➟ 

Dominant fraction (22 out of 28) of free 
parameters in SM



Kaplan, Schmaltz (1993)Froggatt, Nielsen (1979); Huber, Shafi (2000) 

Feruglio (2017)

Abelian 
symmetries

Non-Abelian 
symmetries



Modular Flavor Symmetries
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Artwork by Shreya Shukla



Donuts = TORI

6two cycles

constructed 
from 

parallelogram



Modular Symmetries
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edges ⇒ lattice basis vectors
points in plane identified if 
differ by a lattice translation

Equivalent TORI related 
by Modular Symmetries



Modular Symmetries

• TORI: fundamental domain not unique

• Basis Vectors are related:

• Volume of fundamental domain the same ⇒ 
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Modular Symmetries

• Two basic transformations:

• In complex coordinates: modulus 𝜏 = e2/e1

• S and T generate              and satisfy
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• Finite Modular Group (quotient group):                   where 
principal congruence group 𝜞(N) is 

• Generators of the quotient group 𝜞N satisfy

• Some examples
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Modular Symmetries

𝜞2 ≃ S3,    𝜞3 ≃ A4,     𝜞4 ≃ S4,     𝜞5 ≃ A5

S2 = 1,   (ST)3 = 1,   TN = 1

𝜞



• Imposing modular symmetry 𝜞 on the Lagrangian:

• Yukawa Couplings = Modular Forms at level “N” w/ weight “k”
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Modular Symmetries

representation matrix of 𝜞N 

representation matrix of 𝜞N 

k = ki1 + ki2 + … + kin

ki : integers

Feruglio (2017)



• Weinberg Operator

• Traditional A4 Flavor Symmetry

• Yukawa Coupling Y → Flavon VEVs (A4 triplet, 6 real parameters)

• Modular A4 Flavor Symmetry

• Yukawa Coupling Y → Modular Forms (A4 triplet, 2 real parameters)
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A Toy Modular A4 Model
Feruglio (2017)

⇒

⇒



• Known mathematical functions: 

• Level (N) = 3, Weight (k) = 2
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Modular Forms
Feruglio (2017)

Y1(τ)
Y2(τ)
Y3(τ)

=
X2

2(τ)

2X1(τ)X2(τ)
−X2

1(τ)

X1(τ) = 3 2
η3(3τ)
η(τ)

X2(τ) = − 3
η3(3τ)
η(τ)

−
η3(τ/3)

η(τ)

Dedekind eta-function



• Input Parameters:

• Predictions: inverted ordering
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Feruglio (2017)

A Toy Modular A4 Model

3 free parameters ⇒ 
3 mass,  

3 angles,  
3 CP phases
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Predictive Power of Modular Symmetries

• Ingredients


• Modular invariance


• Holomorphy


• Finiteness


• However, typical observables are not holomorphic, e.g.


𝒲 =
ℳ(τ)

2
Φ2

𝒦 =
1

(−iτ + iτ)kΦ
ΦΦ

mphysical = mphysical(τ, τ)

= |ℳ(τ) | (−iτ + iτ)kΦ
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𝒲 =
ℳ(τ)

2
Φ2

𝒦 =
1

(−iτ + iτ)kΦ
ΦΦ

mphysical = mphysical(τ, τ)

= |ℳ(τ) | (−iτ + iτ)kΦ

Are there observables fulfilling 
the three properties?
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Holomorphic Observables

• Typical model





In diagonal  basis:  


• Modular invariant holomorphic observables





  invariant under renormalization group


𝒲lepton = Yij
e LiHdEj +

1
2

κij(τ)LiHuLjHu

Ye

Iij(τ) =
ℳii(τ)ℳjj(τ)

(ℳij(τ))2
=

κii κjj

κ2
ij

=
mii(τ, τ)mjj(τ, τ)

(mij(τ, τ))2

Iij
Chang, Kuo (2002)
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• Mass matrix in canonical basis:


• Invariants


• Algebraic constraint


• Thus


Invariants in Toy Modular A4 Model

I12(τ) = 4
Y1(τ) Y3(τ)

(Y2(τ))2
, I13(τ) = 4

Y1(τ) Y2(τ)

(Y3(τ))2
, I23(τ) = 4

Y2(τ) Y3(τ)

(Y1(τ))2

Y2
2 + 2Y1Y3 = 0

I12(τ) = − 2, I13(τ) = − 2(1 +
1
3

j3(τ))3, I23(τ) = −
32
I23

MCC, X.-G. Liu, X.-Q. Li, O. Medina, M. Ratz (2024)
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• Two interesting relations: RG invariant, independent of 


• Invariants  : functions of physical observables


 


⇒ sum rules among physical observables: 


RG invariant,  independent

τ

Iij

(m1, m2, m3, θ12, θ23, θ13, δ, α12, α23)

τ

Invariants in Toy Modular A4 Model

I12(τ) = − 2, I13(τ)I23(τ) = − 32

MCC, X.-G. Liu, X.-Q. Li, O. Medina, M. Ratz (2024)
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• Invariants  : functions of physical observables


 


Iij

(m1, m2, m3, θ12, θ23, θ13, δ, α12, α23)

Invariants in Toy Modular A4 Model

MCC, X.-G. Liu, X.-Q. Li, O. Medina, M. Ratz (2024)

Iij = − 2
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• Predictions from  invariant, inverted Ordering


•

I12 = − 2
MCC, X.-G. Liu, X.-Q. Li, O. 

Medina, M. Ratz (2024)

Invariants in Toy Modular A4 Model

Reality of  ⇒

Constraints on CP 
phases:


Given  ⇒ 


Majorana phases 
 

I12

δ

α12, α13
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• No simultaneous solution for  that is consistent with data 


• Agree with previous analysis by scanning parameter space 
(i.e. toy modular A4 model does not fit all data)


• Here, arrived at conclusion without the need to scan


Iij

Invariants in Toy Modular A4 Model

MCC, X.-G. Liu, X.-Q. Li, O. Medina, M. Ratz (2024)
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• In a model based on modular A5:


• Algebraic relations among the invariants


• Exchange symmetry:   ⇒   symmetry built inI12 ↔ I13 μ − τ

Invariants in Toy Modular A5 Model
MCC, X.-G. Liu, X.-Q. Li, O. 

Medina, M. Ratz (2024)



Flavor Model Structure
• interplay between the symmetry 
breaking patterns in two sectors 
lead to lepton mixing (BM, TBM, ...)


• symmetry breaking achieved through 
flavon VEVs


• each sector preserves different 
residual symmetry


• full Lagrangian does not have these 
residual symmetries


⇒ Corrections to model predictions
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GF

Ge Gν

charged lepton 
sector 

neutrino 
 sector 

〈Φe〉 〈Φν〉

〈 Φe〉∝ (1,0,0) 〈 Φν〉∝ (1,1,1)

e.g. A4



Corrections to Kinetic Terms

• Corrections to the kinetic terms induced by family 
symmetry breaking generically are present, should be 
properly included

• cannot be prevented by conventional symmetries 

• could be sizable for neutrino mass models based on 

traditional discrete family symmetries, e.g. A4


• nontrivial flavor structure can be induced

• non-zero CP phase can be induced

• Presence of additional undetermined parameters


• also present in models based on modular flavor symmetries, 
induced by modular form 

• corrections could be sizable

M.-C.C, M. Fallbacher, 
M. Ratz, C. Staudt (2012)

Leurer, Nir, Seiberg (1993); Dudas, Pokorski, Savoy (1995); Dreiner, Thomeier (2003)  
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MCC, Ramos-Sánchez, Ratz (2019)



Kähler Corrections in Modular A4 Model
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M.-C.C., Ramos-Sánchez, Ratz (2019)

Coefficient in front of induced 
operators by modular form



Experimental Precision
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Figure from Song, Li, Argüelles, 

Bustamante, Vincent (2020)

Are precision in 
model 

predictions 
compatible with 

experimental 
precision?
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Quasi-Eclectic Modular Symmetry

• Quasi-eclectic setup:


• Symmetry Breaking


MCC, Knapp-Pérez, Ramos-Hamud, 
Ramos-Sánchez, Ratz, Shukla (2021)

 = A4 x 𝞒3

• After Symmetry Breaking

• Corrections involving only Y: absent 

to all orders, due to traditional A4 
symmetry (corrections in modular setup)


• Corrections involving flavon VEV: 
highly uppressed (corrections in 
traditional setup)
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Quasi-Eclectic Modular Symmetry

• Quasi-eclectic setup:


• Symmetry Breaking


MCC, Knapp-Pérez, Ramos-Hamud, 
Ramos-Sánchez, Ratz, Shukla (2021)

 = A4 x 𝞒3

• After Symmetry Breaking

• Corrections involving only Y: absent 

to all orders, due to traditional A4 
symmetry (corrections in modular setup)


• Corrections involving flavon VEV: 
highly uppressed (corrections in 
traditional setup)

Corrections under control



Acknowledgements

30

Maximilian 
Fallbacher  

(former TUM 
Grad)

Yahya Almumin  
(UCI Grad —> Kuwait 

Faculty)

Shreya Shukla  
(UCI Grad -> LANL PD)

Víctoria Knapp-Pérez  
(UCI Grad)

Mario Ramos-
Hamud  

(Cambridge 
Grad) Saúl Ramos-Sánchez  

(UNAM, Mexico)
Michael Ratz 

(UCI)

Christian Staudt 
(former TUM Grad)

Cameron Moffett-
Smith  

(UCI Grad)

Xueqi Li  
(UCI Grad)

Xiang-Gan Liu  
(UCI PD)

Omar Medina  
(IFIC Valencia 

Grad; former UCI  
visiting student)



• Fundamental origin of fermion mass & mixing patterns still unknown

• Uniqueness of Neutrino masses offers exciting opportunities to explore BSM 

Physics

• Modular Flavor Symmetries: 

• Significant reduction of the number of parameters

• -independent RG Invariants: robust sum rules among physical 
observables, independent of renormalization scale, model parameters 

• In quasi-eclectic setup: corrections can be greatly reduced to the level 
compatible with experiment uncertainty

• Top-down connection: 

• Modular flavor symmetries from strings

• Modular flavor symmetries from magnetized tori

• Diversity drives intellectual excellence: ICISE engagement important

τ
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Conclusions

e.g.  Baur, Nilles, Trautner, Vaudrevange (2021)

e.g.  Almumin, MCC, Knapp-Pérez, 
Ramos-Sánchez, Ratz, Shukla (2021)

Talk by Michael Ratz on Friday






