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(July 1928 - december 1999)

In 1954 Kolmogorov indicated that, for certain mechanical 
systems, in some sense the “majority” of solutions are quasi-
periodic. He indicated a possible method of solution but the 
actual proof was first provided by Arnold 8 years later, and, in 
a special case, by the author. In accordance with the modern 
usage this theory became known by the acronym KAM.

volume 1 (1978), 65-71



(July 1928 - december 1999)

The mathematical theorems of 
KAM deal not only with the 
planetary system but also with 
general Hamiltonian systems.... 
One of these applications is the 
stability problem of proton 
accelerators, which since the 
1950’s have been built in every 
greater number and size.

volume 1 (1978), 65-71
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•Question raised since Newton (1704)

•Positive answer by Lagrange and Laplace (1772-76)

•Questioned by Poincaré (1892)

•Positive answer by Arnold (KAM) (1963)



Chaotic motion of the Solar System
Secular equations : 200 Ma : J. Laskar (1989, 1990)

Direct integration  : 100 Ma : J.G. Sussman & J. Wisdom (1992)
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The planetary motions  
are NOT  

quasiperiodic !
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Planetary collisions  
are 

possible !



Mouvement non-quasiperiodique
(Poincaré, Smale,..)

I

θ

pôle quasi periodique

  pôle hyperbolique

   chaotique :  non- quasi periodique

H =
I2

2
+ a cos(θ − t) + a cos(θ + t)

Chirokov (1972)

Resonance overlap 

a=0.05 a=0.15

Δω = 4 a

Origin of CHAOS
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FIG. 3. (a-d) Examples of transition from libration around 0” (a) to circulation (b). and from circula- 
tion (c) to libration around 180” for the argument ?(a; - m;) ~ (0; ~ 0;). The quantity which is 
actually plotted in the complex plane is T& exp i(?(a; -.- a;) ~ Cd& - 12;)) (Eq. (26)). 

cm-y, Venus, and Jupiter. In Laskar (1984), 
when 1 integrated analytically the secular 
system (Eq. (lo)), I already found that this 
combination leads to a small divisor and in- 
creases the amplitude of one of the leading 
terms in the solutions of Mercury and Ve- 
nus. As previously, we can plot the evolu- 
tion of this argument (Eq. (30)) over 200 
myr (Fig. 4) or the combination (Eq. (31)) 
on selected sections of 20 myr (Fig. 5). This 
argument is truly in resonance. We have a 
libration of the argument (Eq. (30)) around 
180” with an amplitude of about 135” in the 
first 60 myr and down to about 80” after. We 
do not observe here any transition from li- 
bration to circulation. The period of libra- 

tion can be obtained easily directly on the 
plot (one could also make a MFT of the 
plot) and is found to be of about 10 myr 
which corresponds very closely to the uni- 
dentified frequency o = 0.12 arcseclyear of 
Tables II and III and VI and VII. This sec- 
ond secular resonance in the Solar System 
allows us now to identify all the leading 
terms of the solutions of Mercurcy and Ve- 
nus. Due to the librations, these terms are 
not combinations of the fundamental fre- 
quencies as given in Table VIII, but they 
are combinations of the two librations fre- 
quencies 0 and u. 

In the outer planet solutions, I also found 
the resonance T 

2(g4 − g3) − (s4 − s3)
(Laskar, 1990)

Origin of CHAOS



(9 May 2022)

Deg 2 4 6 8 10

N monomials 8 6304 188024 3 394 892 42 817 100

F. Mogavero and J. Laskar: Origin of chaos in the Solar System

Table 2. First 30 resonant harmonics of H010 along the nominal solution S010 spanning 5 Gyr.

i Fourier harmonic [Fi] !hyp ⌧res !ell ⌧libr �!

1 ? g3 � g4 � s3 + s4 0.310.67
0.08 12% 0.651.56

0.26 18% 0.330.53
0.09

2 † g1 � g2 + s1 � s2 0.380.79
0.12 19% 0.891.34

0.26 26% 0.300.61
0.15

3 † g2 � g5 � 2s1 + 2s2 0.220.33
0.07 23% 0.330.45

0.16 56% 0.110.22
0.04

4 ? 2g3 � 2g4 � s3 + s4 0.140.36
0.04 70% 0.430.73

0.23 74% 0.080.16
0.02

5 † g1 � g5 � s1 + s2 0.080.10
0.05 10% 0.220.28

0.14 63% 0.070.18
0.06

6 g2 � g4 + s2 � s4 0.070.09
0.04 6% 0.070.09

0.05 70% 0.070.10
0.03

7 g1 � 2g2 + g4 + s1 � 2s2 + s4 0.110.13
0.10 5% 0.120.13

0.11 69% 0.060.07
0.05

8 g1 � g3 + s2 � s3 0.060.09
0.03 17% 0.060.10

0.04 60% 0.060.09
0.03

9 g1 + g3 � 2g4 + s2 � s3 0.080.09
0.06 5% 0.080.09

0.07 55% 0.050.06
0.04

10 ? 3g3 � 3g4 � s3 + s4 0.110.34
0.01 9% 0.140.24

0.06 40% 0.050.14
0.01

11 g2 � g3 � s1 + 2s2 � s3 0.060.07
0.04 5% 0.060.07

0.05 50% 0.040.05
0.03

12 g1 � 2g3 + g4 + s2 � s4 0.060.12
0.03 36% 0.060.12

0.03 51% 0.040.08
0.02

13 2g1 � g3 � g5 + s2 � s4 0.050.06
0.04 5% 0.050.06

0.04 52% 0.040.04
0.03

14 g4 � g5 � s2 + 2s3 � s4 0.050.05
0.04 2% 0.050.05

0.05 56% 0.030.04
0.03

15 g1 � 2g3 + g4 + s1 + s3 � 2s4 0.060.08
0.03 25% 0.060.08

0.03 61% 0.030.05
0.01

16 g1 � g4 + s1 � s4 0.030.06
0.02 23% 0.040.06

0.02 57% 0.030.05
0.02

17 † g1 � 2g2 + g5 + 3s1 � 3s2 0.080.10
0.06 6% 0.080.10

0.06 56% 0.030.04
0.02

18 g1 � g4 + s2 � s3 0.030.07
0.02 18% 0.040.08

0.02 61% 0.030.07
0.02

19 3g1 � g2 � g4 � g5 + s1 � s3 0.060.08
0.04 2% 0.060.08

0.05 46% 0.030.04
0.02

20 2g1 � g2 � g3 + s1 � s3 0.040.08
0.02 29% 0.050.08

0.03 55% 0.030.05
0.02

21 2g1 � g2 � g4 + s1 � s3 0.040.04
0.03 3% 0.040.04

0.04 48% 0.030.03
0.02

22 ? 3g3 � 3g4 � 2s3 + 2s4 0.060.10
0.03 8% 0.070.13

0.04 47% 0.020.05
0.01

23 2g1 � g2 � 2g3 + g4 + s1 � s4 0.040.06
0.02 3% 0.040.07

0.02 38% 0.020.04
0.01

24 2g3 � g4 � g5 � s1 + s4 0.030.07
0.01 16% 0.030.07

0.02 51% 0.020.05
0.01

25 g1 � 3g3 + 2g4 + s2 � s4 0.050.06
0.02 7% 0.040.06

0.02 53% 0.020.03
0.01

26 g1 � g2 � g3 + g4 + s1 � s2 0.030.04
0.01 6% 0.030.04

0.01 57% 0.020.03
0.00

27 g1 + g3 � 2g4 + s1 � s4 0.030.03
0.03 3% 0.030.03

0.03 42% 0.020.02
0.02

28 † g1 + g2 � 2g5 � 3s1 + 3s2 0.050.06
0.01 4% 0.050.07

0.01 42% 0.020.03
0.01

29 3g1 � g2 � g4 � g5 + s2 � s3 0.040.05
0.02 4% 0.040.05

0.02 54% 0.020.03
0.01

30 2g1 � g4 � g5 + s2 � s4 0.030.04
0.01 7% 0.030.04

0.01 55% 0.020.03
0.01

Notes. Time median of the fixed point frequencies !hyp, !ell and of the resonance half-width �! in arcsec yr�1. The 5th and 95th percentiles
are reported as subscripts and superscripts, respectively. The fraction of time the harmonic is resonant is ⌧res, and ⌧libr represents the fraction of
libration states in the resonant case. The resonances are ranked according to their median half-width.

libration-rotation state of the harmonic and the resonance half-
width, �!. Following Chirikov (1979), we considered the pro-
jection of the frequency vector !0 = d✓0/dt along the normal to
the resonance plane k · !0 + ⌦ = 0, that is, ! = kkk�1 k · !0.
The reduced dynamics in Eq. (7) induces a variation in this pro-
jection equal to �! = kkk�1�'̇. Building on ideas behind fre-
quency analysis (Laskar 1993), we then defined the resonance
half-width �! from the variation in the rotational frequency of
the angle ' across the separatrix (Appendix G). In the pendulum
approximation we have, up to a constant factor close to one,
�! ⇠ 2!hypkkk�1, (8)
which is the Chirikov (1979) half-width (recall that !ell = !hyp
for the pendulum).

6. Origin of chaos

To establish a meaningful connection between the resonant
phase spaces and the observed FT-MLE, we assumed that the
time distribution of physical observables along the nominal solu-
tion spanning 5 Gyr is representative of their ensemble distri-
bution (that is, over a set of stable orbital solutions with very

close initial conditions) at some large time of the order of bil-
lions of years. Based on this sort of finite-time ergodic assump-
tion, we systematically retrieved for each librating harmonic of
H
0

2n
the samples of the fixed point frequencies !hyp, !ell and

of the resonance half-width �! along the nominal solution S02n
.

Table 2 shows the first 30 resonant harmonics, along with their
time statistic, as deduced from the truncation of the Lie trans-
form at degree ten. We report for each frequency its time median
as well as the 5th and 95th percentiles as subscript and super-
script, respectively. The resonances are ranked according to their
median half-width. To measure the overall dynamical impact of
the terms, we denote as ⌧res the fraction of time a harmonic is
resonant and as ⌧libr the fraction of libration states in the res-
onant case. Table 2 shows the harmonics that are resonant for
more than 1% of the time.

It is perhaps hopeless to obtain, for high-dimensional dynam-
ical systems, a precise formula connecting the FT-MLE to
the half-width of the leading resonances or to their fixed
point frequencies. Nevertheless, studies of the periodically
forced pendulum (Chirikov 1979; Holman & Murray 1996;
Murray & Holman 1997; Li & Batygin 2014) suggest that these
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Measure of the chaotic 
diffusion in all directions

in a
32 dimensional
 phase space 

(Laskar, 1990)
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In a previous paper (J. Laskar, Nature 338, 237~238), the chaotic nature of the Solar 
System excluding Pluto was established by the numerical computation of the maximum 
Lyapunov exponent of its secular system over 200 myr. In the present paper an explana- 
tion is given for the exponential divergence of the orbits: it is due to the transition from 
libration to circulation of the critical argument of the secular resonance 2(g4 - gj) - 
(sd - SJ) related to the motions of perihelions and nodes of Earth and Mars. Another 
important secular resonance is identified: (gl - gs) - (sl - sz). Its critical argument 
stays in libration over 200 myr with a period of about 10 myr and amplitudes from 85 to 
135”. The main features of the solutions of the inner planets are now identified when 
taking these resonances into account. Estimates of the size of the chaotic regions are 
determined by a new numerical method using the evolution with time of the fundamental 
frequencies. The chaotic regions in the inner Solar System are large and correspond to 
variations of about 0.2 arcseclyear in the fundamental frequencies. The chaotic nature of 
the inner Solar System can thus be considered as robust against small variations in the 
initial conditions or in the model. The chaotic regions related to the outer planet frequen- 
cies are very thin except for those of g6 which present variations sufficiently large to be 
significant over the age of the Solar System. o 1990 Academic PIW, IIIC. 

1. INTRODUCTION 

In the last few years, our vision of the 
dynamics of the Solar System has notably 
changed and the picture of the planets mov- 
ing around the Sun in a regular quasi-peri- 
odic motion has suffered many outrages. In 
particular, Sussman and Wisdom (1988) 
have shown by direct numerical integration 
of the outer planets over nearly 10y years 
with the Digital Orrery that the motion of 
Pluto presents a positive Lyapounov expo- 
nent of l/20 myr’. On the other hand, in a 
recent paper (Laskar 1989a), 1 established 
the chaotic nature of the solutions of the 
secular system for the Solar System exclud- 
ing Pluto (the mass of Pluto is only Ii 
130,000,000 of the Solar mass) with a maxi- 
mum Lyapunov exponent reaching the 
value of l/5 myr I. 

From a rapid analysis of the resonances 
in the secular system, it was possible to 
forecast that this high value of the 
Lyapunov exponent was mainly due to the 
existence of secular resonances among the 
inner planets, but this needed more expla- 
nation. One of the major questions, faced 
with the appearance of chaos in the Solar 
System, was to know where this chaos 
comes from, and what the sizes of the cha- 
otic zones are. Do very small changes in the 
initial conditions or in the approximation 
modify the behavior of the solutions from 
chaotic to quasi-periodic, or do we stay in a 
large chaotic zone? I believe that I give 
here the answer to some of these questions. 
In the first part (Sections 2-5), I describe 
further the construction of the secular sys- 
tem and the accuracy of this system. In par- 
ticular, 1 use a little trick to improve the 
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Frequency Maps

H(I, θ) = H0(I) + εεH1(I, θ) (I, θ) ∈ Bn × Tn

εε = 0= 0

İj = 0 , θ̇j =
∂H0(I)

∂Ij
= νj(I) ;

Ij = Ij0 θj(t) = θj0 + νjt

nondegenerate


∂ν(I)

∂I

 =



∂2H0(I)

∂I2


= 0

frequency map

F : Bn −→ Rn

(I) −→ (ν)

diffeomorphism on F (Bn) = Ω

1

Frequency MAP



ε = 0

KAMKAM theotheoremrem

∃ Ωε ⊂ Ω Cantor set |< k, ν >| >
κε

|k|p

(ν) ∈ Ωε ⇒ quasiperiodic solution

P¨Pöscheloschel (1982),(1982), there exists a diffeomorphism

Ψ : Tn ×Ω −→ Tn × Bn

(ϕ, ν) −→ (θ, I)

analytical /ϕ and C∞/ν on Tn ×Ωε transforms the equations into

ν̇j = 0 , ϕ̇j = νj ;

thus, if (ν) ∈ Ωε,

zj = Ije
iθj,

zj(t) = zj0eiνjt +


m
am(ν)ei<m,ν>t

(Kolmogorov 1954, Arnold 1963, Moser 1963)
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θ = θ0

(I, θ0)

0 τ τ + T

FT
θ0

(I) f(t) =


ake
iωkt

f(t) =
 i<k,ν>t

(ν1, ν2, . . . , νn)

: Rn −→ Rn

(I) −→ (ν1, ν2, . . . , νn)

Numerical Frequency Map

f(t)

kea

(Laskar+, 1992, 1993)
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FT
�0

: R⇥ Rn �⇤ Rn

(⇥, I) �⇤ (�)

0 τ τ + T

f(t)

θ = θ0

(I)

(I, θ0)

(Laskar+, 1992, 1993)
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FT
�0

: R⇥ Rn �⇤ Rn

(⇥, I) �⇤ (�)

Thus : on the set of KAM tori,

0 τ τ + T

f(t)

θ = θ0

(I)

(I, θ0)

(Laskar+, 1992, 1993)
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FT
�0

: R⇥ Rn �⇤ Rn

(⇥, I) �⇤ (�)

Thus : on the set of KAM tori,

FT
�0 is constant /�

0 τ τ + T

f(t)

θ = θ0

(I)

(I, θ0)

(Laskar+, 1992, 1993)
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Example : Superbend Upgrade

Normal ALS Sector

 Modified ALS Sector

Q
D

A
 1

Q
D

A
 2

In three of the twelve ALS Sectors 
• Replaced the central combined function dipole with a 

Superbend and two quadrupoles

Robin, Steir, Nadolski, Laskar

Dave Robin
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ALS : Ideal Lattice versus Calibrated Model

Actions

frequencies
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m
)

Robin, Steir, Nadolski, Laskar
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Experimental Frequency Map at  ALS
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FIG. 4. Experimental frequency map for a previous setting of
the ALS.

As an illustration, we set up the beam at a different
working point !nx ! 14.275, ny ! 8.167". In this case,
the experimental frequency map (Fig. 4) shows several
unwanted resonances intersecting at !nx ! 14.25, ny !
8.125". This intersection of active resonances will induce
rapid diffusion of particles with subsequent decrease of the
machine’s performance. Indeed, we observed significant
beam loss at this intersection during the experiment. It is
clear that upon observing such behavior, one should either
find a way to reduce the amplitude of resonances by im-
proving the periodicity of the lattice or change the working
point to another location. In fact, this working point was
the designed ALS working point at which the machine was
operated for several years. At this setting, the injection ef-
ficiency was somewhat erratic and the reason for this was
not clearly understood at the time. The working point was
changed to the present values after observation of the FMA
of a previous numerical model of the lattice [7].

(IV) Conclusions.—Some experiments at other accel-
erators have used pinger/BPM systems to study nonlinear
beam dynamics [11] and attempts have been made to relate
FMA to measured frequencies [12,13]. But to our knowl-
edge, we have presented here for the first time through an
experiment the full network of coupling resonances occur-
ring in such a Hamiltonian dynamical system of 3 degrees
of freedom. This experiment clearly demonstrates how the
complexity of the dynamics of such a system cannot be
reduced to simple resonances of a 2 degrees of freedom
system. This underscores the importance of understanding

the subtle behavior encountered in dynamical systems of
3 degrees of freedom (see [4] and references therein).

Yet it is remarkable that the numerical model (which is
relatively simple) agrees so well with the observed dynam-
ics. This gives us confidence that it may be used effectively
to simulate modifications of the lattice, like insertion of
new devices. We are convinced that the acquisition time
for the experimental frequency map can be decreased sig-
nificantly, and that this technique can be used in the future
as a regular maintenance device for the ALS and similar
machines.
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CNRS, CEA, and by the D.O.E. under Contract No. DE-
AC03-76SF00098. The authors thank the staff at the Ad-
vanced Light Source and particularly Alan Jackson and
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the writing of the paper.
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ALS-U will reach soft x-ray diffraction 
limit up to 1.5 keV

C. Steier /ALS

Stored Beam
kicker

Injected Beam

SeptumSeptum

Stored Beam

Injected Beam

Fast Kicker

On-axis swap-out injection 
(initially proposed by M. Borland)

kicker1 kicker2 kicker3 kicker4
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Injected Beam

Stored BeamStored Beam

Injected Beam

Off-axis injection + accumulation

requires larger 
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Senior Accelerator Physicist 

Accelerators Coordinator 
Synchrotron SOLEIL, France

• Ph.D., (2001).  
• “Application of Frequency Map Analysis to the Study of Beam 

Dynamics” (J. Laskar’s supervision). 
• Former President of Accelerator Sect. of the French Physical Society 
• SOLEIL II: nonlinear beam dynamics, robustness studies, storage 

ring coordination (collimation, radiation safety, machine protection 
interlock).

Present SOLEIL II Timeline



Storage ring: 354 m 
Booster: 157 m
29 beamlines

SOLEIL II: a 4th GENERATION SYNCHROTRON LIGHT SOURCE for the 
Science of Tomorrow

An electron beam 40 times smaller and circular 
Photon beams at least 100 times brighter and more coherent in the X-ray range. 

Obtaining a very compact layout: 
Lifting of technological barriers, with the miniaturization of the vacuum chambers where 
 the electrons circulate and of the magnets that guide them.

SOLEIL

SOLEIL II

L. Nadolski
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Prepare machine for operation beyond 2025 and up to 2035

Devise beam parameters and operation scenarios 
for enabling at total integrated luminosity of 3000 fb-1 

➔ 10 times the luminosity reach over first 10 years of LHC operation
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■ Long range beam-beam interaction 
represented by a 4D kick-map  

with

Beam-Beam interaction

Y. Papaphilippou
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Wire compensation

S. Fartoukh, al., PRSTAB, 2015

Reduced crossing angle 
of  450µrad @ 15cm

Without
Without correction With correction

▪ Current baring wire can 
improve DA by 1-2 σ 

▪ Tests in the LHC during 
2017-2018 
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Incoherent e-cloud effects at (HL-)LHC
• Analysis of experimental data from the LHC shows a slow beam degradation due to 

e-cloud both at injection and in collisions 
• A development effort was launched to acquire the ability of simulating the effect of 

e-cloud forces within a symplectic tracking code over the required long timescales 
(10M turns). The development included: 
o Theoretical framework 
o Tricubic interpolator in sixtracklib tracking code to apply forces from a recorded 

pinch in a symplectic way 
o Software infrastructure to simulate and condition the electron pinches and 

setup the simulation from the MAD-X description of the machine 
• Presently capable of simulating 10 M turns (15 minutes of beam time) by exploiting the 

computational power of GPUs 

22K. Paraschou, et al. 2023 Y. Papaphilippou



When you tackle difficult problems,

 you need to invent new methods 


that may be of general use 
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