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�Our universe is accelerating now.

⇨ The source of this acceleration is dubbed “dark energy (DE)”

spin0

spin1

GR

�Scalar-tensor theories

�Vector-tensor theories

�ΛCDM model

(e.g.)  Horndeski theories 

(e.g.) Generalized Proca theories

����

Introduction

⇨ cosmological constant,  H0 tension...

⇨ scalar field coupled to gravity

⇨ vector field coupled to gravity



Horndeski theories: a scalar field coupled to gravity

The most general scalar-tensor theories with 2nd-order EoMs:

where
X = �rµ⇡rµ⇡/2,
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DOFs: 2 tensors + 1 scalar 
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arbitraly function 
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: Ricci scalar,  : Einstein tensor  

: scalar field with kinetic energy   ⇡
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Horndeski theories: a scalar field coupled to gravity 

Demanding that

LH = G2(⇡, X) +G3(⇡, X)⇤⇡ +G4(⇡)R
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G4 = M2
pl/2
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cT = c
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The most general scalar-tensor theories with 2nd-order EoMs:
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The GW170817 event constrained 
the speed of gravitational waves 
to be very close to that of light. 

In GR, 



L = �1

4
Fµ⌫F

µ⌫ ,

��DOFs: 2 transverse polarizations.

Fµ⌫ = @µA⌫ � @⌫Aµ

��If we keep U(1) gauge symmetry,
Galileon-like interactions are forbidden. 

C. Deffayet, A. E. Gumrukcuoglu, 
S. Mukohyama and Y. Wang (2014)

�U(1) gauge field (massless)

c

B

E

Degrees of freedom for vector fields (Minkowski space-time)
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Proca field (massive)

L = �1

4
Fµ⌫F

µ⌫ ,

L = �1

4
Fµ⌫F

µ⌫ � 1

2
m2AµA

µ ,

��DOFs: 2 transverse polarizations.

��DOFs:2 transverse polarizations
+ 1 longitudinal mode. 

longitudinal mode

Fµ⌫ = @µA⌫ � @⌫Aµ

��U(1) symmetry is broken.

��If we keep U(1) gauge symmetry,
Galileon-like interactions are forbidden. 

C. Deffayet, A. E. Gumrukcuoglu, 
S. Mukohyama and Y. Wang (2014)

�U(1) gauge field (massless)

�

c

B

E

(3 DOFs)

Degrees of freedom for vector fields (Minkowski space-time)
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L5 = G5(X)Gµ⌫rµA⌫ � 1
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⇥
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⇤

L2 = G2(X,F, Y ) ,
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µr↵A� ,
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2
G6,X(X)F̃↵�F̃µ⌫r↵Aµr�A⌫ ,

,

,

LGP =
6X

i=2

Li ,

�In the limit (                    ), reduces to the shift-symmetric Horndeski theories. Aµ ! rµ�

L. Heisenberg (2014), J. B. Jimenez and L. Heisenberg (2016)

X = �AµAµ

2
, F = �Fµ⌫Fµ⌫

4
, Y = AµA⌫Fµ

↵F⌫↵ ,

Eµ⌫↵��Levi-Civita tensor

G. Tasinato (2014),

where

�DOFs: 2 tensors + 2 vectors + 1 scalar 

Intrinsic 
vector modes

F̃µ⌫ =
1

2
Eµ⌫↵�F↵� , Lµ⌫↵� =

1

4
Eµ⌫⇢�E↵���R⇢��� .

LGP

Generalized Proca theories: a vector field coupled to gravity
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The EOMs are second-order on general space-time 
with 5 DOFs.

Intrinsic vector mode
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X = �AµAµ
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4
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↵F⌫↵ ,

Eµ⌫↵��Levi-Civita tensor

G. Tasinato (2014),

where

�DOFs: 2 tensors + 2 vectors + 1 scalar 

Intrinsic 
vector modes

F̃µ⌫ =
1

2
Eµ⌫↵�F↵� , Lµ⌫↵� =

1

4
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LGP

Generalized Proca theories: a vector field coupled to gravity
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The EOMs are second-order on general space-time 
with 5 DOFs.

Intrinsic vector mode

cT = c
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⇦ From isotropy of the background

ds

2 = �dt

2 + a

2(t)�ijdx
i
dx

j
.

Action��

Metric: 

A vector field with the perturbations:

cT = c
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Cosmological background in Generalized Proca theories

Aµ =

✓
�(t) + ��,
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a2
�ij@j�V + Ei

◆
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The background equations of motion: 

� ⇨ There exist de Sitter solutions characterized by � 6= 0

�Intrinsic vector modes do not appear at the background level.

and� = constant H = constant.

ds

2 = �dt

2 + a

2(t)�ijdx
i
dx

j
.

Action��

Metric: 

� = �(H)

X ⌘ �AµA
µ/2 = �2/2
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Cosmological background in Generalized Proca theories
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⇦ From isotropy of the background



A simple dark energy model in vector-tensor theories

where 

The cubic vector Galileon corresponds to the case with                         .p2 = p3 = 1

When            , there are the solutions characterized by  

grows with the decrease of      to give rise to 
the late-time cosmic acceleration.
� H

� 6= 0

: constants. 

with

G2(X) = b2X
p2 , G3 = b3X

p3 ,
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Dark energy equation of state in our model

15

!"#$

!"#"

!"#%

!&#'

!&#(

!&#$

!&#"

!&#%

!%#'%

%#& & &% &%% &%%% &%$ &%) &%(

*+,-./&
*++,-./&0"
*+++,-./&0)

&-1-2

3
4
5

!"#$

!%#&%

!%#'%

%#%

%#'%

%#&%

"#$

%#" " "% "%% "%%% "%' "%( "%) "%*

"+,+-

!!" !# !$

.
/00

FIG. 2: (Left) Evolution of wDE versus 1+z (where z is the redshift) for the three cases (i) s = 1, (ii) s = 1/2, and (iii) s = 1/5.
In each case the initial conditions are chosen to be (i) ΩDE = 1.0× 10−42, Ωr = 0.998 at z = 1.7× 106, (ii) ΩDE = 1.5× 10−36,
Ωr = 0.9996 at z = 9.0 × 106, and (iii) ΩDE = 7.0 × 10−29, Ωr = 0.9995 at z = 6.9× 106. (Right) Evolution of weff , ΩDE, Ωm,
and Ωr for s = 1/5 with the same initial conditions as those in the case (iii).

For smaller |s|, the dark energy equation of state in the radiation and matter eras tends to be closer to the value
wDE = −1. In the cases (ii) and (iii) shown in the left panel of Fig. 2, the values of wDE during the matter-dominated
epoch are given, respectively, by wDE = −1.5 and wDE = −1.2. The likelihood analysis based on the SNIa, CMB,
and BAO data in extended scalar Galileon theories has given the bound 0 ≤ s ≤ 0.36 (95 %CL) for tracker solutions
[51], which can be also applied to the present model. Hence the cases (i) and (ii) are in tension with the data, but
the case (iii) is observationally allowed.
In the right panel of Fig. 2, we show the evolution of weff and the density parameters ΩDE, Ωm, Ωr for s = 1/5.

As estimated analytically, the solution repels away from the unstable radiation point (a) (with Ωr = 1, weff = 1/3)
and temporally dwells in the saddle matter point (b) (with Ωm = 1, weff = 0). Finally, the solution approaches the
stable de Sitter attractor (c) characterized by ΩDE = 1, weff = −1.

B. No-ghost and stability conditions

Let us study the no-ghost and stability conditions of tensor, vector, and scalar perturbations for the theories given
by the functions (5.2) with the powers (5.3). In what follows, unless otherwise stated, we shall discuss the case in
which β4 and β5 are non-zero2.
From Eqs. (3.18) and (3.19) we obtain

qT = M2
pl

[

1− ΩDE

{

1 +
1− 2p2β5

β
p2(p+ p2)

}]

, (5.28)

c2T = 1 +
ΩDE(p+ p2)ξT

(2p+ 2p2 − 1)(p+ p2ΩDE)[β(1 − ΩDE)− p2(p+ p2)ΩDE(1− 2p2β5)]
, (5.29)

2 We note that under the limits G4 → M2
pl/2 and G5 → 0 in Eqs. (3.18), (3.19), (3.28) and (3.29), it follows that qT → M2

pl, c
2
T → 1,

qV → 1, and c2V → 1.

Smaller s

⌦r

⌦DE

wDE = �1� s

wDE = �1

wDE = �1� 4s/3Radiation era�

The solutions converge to 
a de Sitter attractor.

s ⌘ p2/p

: DE density parameter
: Radiation density parameter

(Vector Galileon)

s = 0.2

s = 0.5

s = 1

wDE = �3(1 + s) + s⌦r

3(1 + s⌦DE)

: Deviation from ΛCDM model

Matter era�
de Sitter era�

s = 0
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A. De Felice et al (2016)
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Integrated Sachs-Wolfe (ISW) effect

Detection of late-time ISW effect in a flat universe is 
independent evidence for dark energy.

Taking the cross-correlation between the CMB anisotropy and 
the galaxy distributions, we can separate the ISW signal from 
the CMB anisotropy.

Constant potential

Potential decays
(e.g., ΛCDM model)

Potential grows
(e.g., cubic Galileon)

����



Dark energy model with 

This cross-correlation can distinguish the different dark energy models:  

spin0 �Cubic-order scalar-tensor theories

�ΛCDM model The ISW-galaxy cross-correlation is positive.GR  

cT = c
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⌧
�T

ISW

(n̂)

T

�N
Galaxy

(n̂0
)

N

�
=

1X

l=0

2l + 1

4⇡
CIG

l Pl(cos ✓) ,

The cross-correlation between ISW effect in CMB and galaxy distributions
is given by

Galaxy number density fluctuationsCMB temperature anisotropy
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Example: Kinetic Gravity Braiding (scalar-tensor theories)

the ISW effect, which will be a powerful probe of dark
energy and modified gravity models. The ISWeffect in the
CMB anisotropy is given by

!Tð ~!Þ
T

¼
Z "0

"d

d"½"0ð";xÞ %#0ð";xÞ&; (10)

where "d is the decoupling time, which may be taken to be
zero practically, and the prime denotes the differentiation
with respect to ". The fluctuations in the angular distribu-
tion of galaxies are given by

!Ngð ~!Þ
N

¼
Z zd

0
dz#gð";xÞW ðzÞ; (11)

whereW ð$Þ is the selection function and #g is the galaxy
number density contrast, which is related to the matter
density contrast !c through the bias b as #g ¼ b!c. The
cross correlation of the galaxy fluctuations and the CMB
anisotropies is thus expressed as

!
!Tð ~!Þ

T

!Ngð ~!0Þ
N

"
¼ 1

4%

X

‘

ð2‘þ 1ÞC‘P ‘ð&Þ; (12)

where P ‘ is the Legendre polynomial with & being the
cosine of the angle between ~! and ~!0, and

C‘ ¼
3$0H

2
0

ð‘þ 1=2Þ2
Z

dzHðzÞW ðzÞ D1ðzÞ
D1ðz ¼ 0Þ

( dUkð"Þ
dz

bðz; kÞPðkÞjk¼ð‘þ1=2Þ=$; (13)

where PðkÞ is the matter power spectrum at the present
time, " ¼ "0,
D1ð"Þ is the growth factor of the kinetic gravity braiding

model normalized as D1ð"Þ ¼ a at early stage of the
evolution, and Ukð"Þ is defined by

% k2
"k %#k

2
¼ 3

2
$0H

2
0Ukð"Þ!kð"0Þ; (14)

with the Fourier coefficients of the metric perturbations
and the matter density contrast "k, #k, and !k, respec-
tively. In deriving the above equation, we used the small
angle approximation, l ) 1.
The cross-correlation function in the Galileon model is

negative (Ref. [24], see also Fig. 1 below). To understand
the reason of this feature, the quasistatic approximation is
useful, which is applicable for Oðk2c2s=a2Þ ) OðH2Þ,
where cs is the sound speed of the perturbed Galileon
field [42],

c2sðaÞ ¼
5n$mðaÞ %$mðaÞ2
3½2n%$mðaÞ&2

: (15)

Rigorously, one can use the quasistatic approximation for
the wave number k * 1=rs, where rs is the comoving
sound horizon for the perturbed Galileon field, rs ¼R
d"cs. For instance, it corresponds to n & 10 for the

wave number k * 0:01h Mpc%1, and inside the sound
horizon rs the matter density contrast !c, as well as the
metric and scalar perturbation, is scale independent.
Under this approximation, the modified Poisson equa-

tion may be written as

FIG. 1 (color online). The cross-correlation function (CCF) theoretically calculated by using Eq. (12) and the data obtained in [49].
Each curve shows the cross-correlation function of the %CDM model (solid curve), the KGB model (dashed curve) with n ¼ 5000,
1000, 100, 10, and 1, from the top to the bottom, respectively.
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the power in range 

(n = 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�����



Dark energy model with 

This cross-correlation can distinguish the different dark energy models:  

spin0

spin1

�Cubic-order scalar-tensor theories

�Cubic-order vector-tensor theories

The ISW-galaxy cross-correlation can be negative.

positive or negative?

�ΛCDM model The ISW-galaxy cross-correlation is positive.GR  

cT = c
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The cross-correlation between ISW effect in CMB and galaxy distributions
is given by

Galaxy number density fluctuationsCMB temperature anisotropy
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Evolution of matter density perturbations

In Fourier space with the comoving wave number    , 
these potential are related with the matter density contrast    , as

k

�
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We introduce gauge-invariant gravitational potentials:          

Newtonian potential:

Weak lensing potential:

The density contrast obeys
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Cross-correlation amplitude

l12 ⌘ l + 1/2

Under the small angle approximation, the cross-correlation amplitude 
is given by 

F ⌘ 1� D0

D
� ⌃0

⌃
= 1� (lnD⌃)0 .

This quantity determines the sign of the cross-correlation power spectrum.

D

: the matter power
spectrum

P
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: window function
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Gravitational coupling related to light bending
In our models,  

where       is associated with the intrinsic vector mode such that

In the limit                      ,         
this model reduces to a subclass of scalar-tensor theories.

In the limit                   ,        
the evolution of perturbation is similar to that in ΛCDM. 
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: coefficient of kinetic term 
of vector perturbation 
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ISW-galaxy cross-correlations in concrete models 

The intrinsic vector mode can give rise to positive cross-correlations 
compatible with the data.
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Outline

� Observational constraints 

� Summary



Observational constraints 

We use the data of CMB, BAO, SN Ia, Hubble expansion rate,
RSD, and the ISW-galaxy cross-correlations with the catalogues 
of 2MASS and SDSS. 

(95%CL)

s⌦m0 h p
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Best-fit:

ΛCDM: 
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⌦m0 = 0.301+0.006
�0.006 ,

h = 0.697+0.006
�0.006 ,

s = 0.185+0.100
�0.089 ,

p = 3.078+4.317
�2.119 ,

�̄V  �V < 0.015 ,

The model with            still fits the data 
better than the ΛCDM model.  

s > 0

SN, A. De Felice, R. Kase and S. Tsujikawa (2018)
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Best-fit case in massive vector dark energy model

The background dynamics in our model is different from that in ΛCDM,
while the perturbation dynamics is almost the same as that in ΛCDM.

wDE = �3(1 + s) + s⌦r

3(1 + s⌦DE)

⌦m0 = 0.301, h = 0.697, s = 0.185, p = 3.078, log10 �V = �7.359 =) �2
= 618.9 .
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Summary

�We studied observational constraints on a dark energy model 
in cubic-order generalized Proca theories by using the data of 
CMB, BAO, SN Ia, RSD and ISW-galaxy cross-correlation.

� The model with             still fits the data better than the ΛCDM model 
even by including the ISW-galaxy cross-correlation data.

� It remains to be seen whether future high-precision observations show 
some evidence that the dark energy model in the vector-tensor theories 
is favored over the ΛCDM model. 

s > 0

� Due to the existence of intrinsic vector mode, the ISW-galaxy 
cross-correlation can be positive even for cubic interactions
unlike that in scalar-tensor theories. 
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