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Introduction



Semileptonic decay of hadrons

B !

b u

d

!

!
e.g. B !  $ l %

! ! (k ) |Vµ |B (p)"

Observables, such as differential branching fraction, depend in part on 
hadronic matrix elements of weak (or BSM) operators, e.g.

Path integral expression (in imaginary time)

W
(V ! A)µ

! ! ! (z)Vµ (y )! B (x ) " =
1

Z

!!!
[d! ][d ø! ][dU ] ! ! (z)Vµ (y )! B (x ) e! S [", ø",U ]



Lattice QCD & numerical field theory

" Imaginary time formulation: path integrands real, non-negative 

" Discrete lattice points: regulates field theory 

" Sharply peaked path integrand: permits importance sampling

Lattice volume

Lattice spacing

Heavy quark mass

Light quark mass

L ! 1/m !

a ! 1/ ! QCD

m Q ! 1/a

m ! ! m " , 4!f !
Chiral pert. th.  

Brute force

Chiral pert. th. 
Brute force

Symanzik EFT

NRQCD, HQET
Extra-fine, extra-improvementm Q < 1/a

m Q ! 1/a Fermilab

Systematic  error Controllable limit Theory

! ! ! (z)Vµ (y )! B (x ) " =
1

Z

!!!
[d! ][d ø! ][dU ] ! ! (z)Vµ (y )! B (x ) e! S [", ø",U ]



CKM m.e. from exclusive decays & LQCD

" |Vus|  from K !  $l%, l% 

" |Vcd|  from D !  $l% 

" |Vcs|  from D !  Kl% 

" |Vub|  from B !  $l% 

" |Vcb|  from B !  D(*)l%

Figure 5: The plot compares the information for |Vud|, |Vus| obtained on the lattice with
the experimental result extracted from nuclear ! transitions. The dotted arc indicates the
correlation between|Vud| and |Vus| that follows if the three-ßavour CKM-matrix is unitary.

Repeating the exercise forNf = 2 leads to the larger blue ellipse. The Þgure indicates
a slight tension between theNf = 2 and Nf = 2 + 1 results, which, at the current level
of precision is not visible if considering theNf = 2 and Nf = 2 + 1 results for f + (0) and
f K ± /f ! ± in Figure 4 on their own. It remains to be seen if this is a Þrst indicationof the
e! ect of quenching the strange quark.

In the case ofNf = 2 + 1 + 1 only results for f K ± /f ! ± are without red tags. In this case
we have therefore only plotted the corresponding band for|Vus| from f K ± /f ! ± corresponding
to |Vus|/ |Vud| = 0 .2310(11).

4.4 Testing the Standard Model

In the Standard Model, the CKM matrix is unitary. In particul ar, the elements of the Þrst
row obey

|Vu|2 ! |Vud|2 + |Vus|2 + |Vub|2 = 1 . (42)

The tiny contribution from |Vub| is known much better than needed in the present context:
|Vub| = 4 .15(49)á10! 3 [74]. In the following, we Þrst discuss the evidence for the validity of
the relation (42) and only then use it to analyse the lattice data within the Standard Model.

In Figure 5, the correlation between|Vud| and |Vus| imposed by the unitarity of the CKM
matrix is indicated by a dotted arc (more precisely, in view of the uncertainty in |Vub|, the
correlation corresponds to a band of Þnite width, but the e! ect is too small to be seen here).
The plot shows that there is a slight tension with unitarity i n the data for Nf = 2 + 1:
Numerically, the outcome for the sum of the squares of the Þrst row of the CKM matrix
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TABLE II. Results for form factors for D ! K decay at 3 or 4 q2 values per set corresponding to di! erent K momenta.

Set q2a2 f + (q2) f 0(q2) q2a2 f + (q2) f 0(q2) q2a2 f + (q2) f 0(q2) q2a2 f 0(q2)
1 0.010 0.755(13) 0.753(14) 0.43 1.090(8) 0.896(5) 0.69 1.027(2)
2 0.002 0.751(8) 0.751(9) 0.34 0.994(5) 0.862(3) 0.53 1.218(14) 0.932(3) 0.68 1.0186(15)
3 0.001 0.747(9) 0.746(9) 0.16 0.974(5) 0.847(5) 0.26 1.200(14) 0.948(6) 0.34 1.011(2)
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FIG. 4. Ratio of experimental to lattice results in each q2

bin for D 0 ! K ! ! + " , using CLEO [7] and BaBar [4] data.
The last 3 bins are total rates for BaBar [4], Belle [5] and
BESIII [6]. Error bars from experiment and from lattice QCD
are marked separately on each point. The horizontal lines give
our Þtted result for V 2

cs with its error.

q2 (the same for CLEO and BaBar) and can then make
a bin-by-bin comparison, including the correlations be-
tween bins for lattice QCD and experiment. This com-
parison is shown in Fig. 4 in which we plot the ratio of
experiment to lattice QCD for each bin, which is a value
for |Vcs|2 from that bin. We also show the result of Þtting
a weighted average over the bins to obtain a Þnal value for
|Vcs|. We use CLEO [7] and BaBar [4] binned data and
BaBar, Belle [5] and BESIII [6] total rates for D 0 ! K !

to obtain |Vcs| = 0 .963(5)expt (14)lattice . Di! erent subsets
of experimental results give consistent values; the error
is smallest using all of them. For the binned data the
experimental results are most accurate at lowq2, the lat-
tice QCD results, at high q2. The optimal bins for the
combination are 1 to 6 (q2 = 0-1.2 GeV2), see Fig. 4.

We can also compare the shape more accurately to ex-
periment using a commonz-space expansion. We take
t0 = t+ (1 " (1 " t ! /t + 0)1/ 2) in Eq. 8 and a speciÞc
form for P(q2)" (q2) given in [7, 18]. Fig. 5 compares
our results at the physical point for b1/b0 and b2/b0 to
experiment for this case. The agreement is excellent.

Finally, we note that Fig. 3 shows both the D ! K
and Ds ! ! s form factors as a function of q2. The two
processes di! er in their spectator quark - D ! K has a
u/d spectator and Ds ! ! s an s - but their form factors
agree to 2%. This was also found forB(s) ! D(s) decays
in [20] and is likely to be a generic feature of heavy quark
decays. Model calculations give varying results [21, 22]

FIG. 5. 68% conÞdence limits on the shape parameter ratios
b1/b 0 and b2/b 0 from a 3-parameter z-space Þt to f + (Eq. 8
using P" and t0 from [7]), for lattice QCD and experiment [4,
6, 7, 19]. BaBar parameters shown are from our Þt to the
binned correlated data. Our results are: b1/b 0 = " 2.01(23),
b2/b 0 = 0 .75(2.5) and correlation, # = " 0.56.

with O(10%) e! ects possible.
Fig. 3 also demonstrates how small discretisation errors

are with results from coarse and Þne lattices lying on top
of each other. A further check of this is a comparison of
the Ds ! ! s form factors from 1-link spatial and local
temporal vector currents which also show no di! erence.

Conclusions. We have calculated the form factors for
D ! K semileptonic decay from full lattice QCD, and
compared the shape of the vector form factorf + (q2)
to experiment across the full q2 range. We extract
Vcs for the Þrst time using all q2 bins. Our result is
Vcs = 0 .963(5)exp (14)lattice , which improves the accuracy
of our previous worldÕs best determination [2] ofVcs by
over 50%. At q2 = 0 we obtain f + (0) = 0 .745(11).

Our result for Vcs agrees with that from CKM matrix
unitarity (0.97344(16) [23]) and gives separate tests of
the second row and column that agree with unitarity to
3%. Combining the Ds leptonic decay rate with lattice
QCD results for the Ds decay constant [10] yields a higher
but consistent Vcs, for example 1.001(10)latt (26)expt using
recent Belle results [24].

We see no di! erence between form factors for as or
u/d spectator quark to the c ! s decay. This is also true
for c ! d decays comparingD ! "#$ and Ds ! K #$.
These results will be discussed elsewhere.

LQCD + expt determine |Vus|  to < 1%

D !  Kl% f.f. shape parameters from expt vs. LQCD
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Low energy description of b !  s decays

Most important short-distance effects in b !  sll come from 2-quark operators:

H b! s
e! = !

4GF
"

2
V "

ts Vtb

!!!

i

(Ci O i + C #
i O

#
i )

O( ! )
9 =

e2

16! 2
s̄" µ PL ( R ) b #̄" µ # O (! )

10 =
e2

16! 2
s̄" µ PL (R )b #̄" µ " 5#

Charmonium resonance effects arise from 4-quark operators:

O 2 = øc! ! µ PL b! øs" ! µ PL c"O 1 = øc! ! µ PL b" øs" ! µ PL c!

O 3.. 6 = øs! ! µ PL b! ,"
!!!

q

øq" ! µ PL,R q" ,!

O ( ! )
7 =

m be

16! 2
øs" µ ! PR ( L ) b Fµ !

t

W

!, Z

sb
s

W W

t

!

" "

b In the Standard Model, i = 1, É, 10, S, P with known Wilson 
coefficients Ci.  Beyond SM, chirality-flipped operators are 
allowed and the Ci (Õ) depend on the model of new physics



Form factors



B !  K form factors

hK (k) |øs! µ ! q! b|B (p)i =
if T (q2 )

m B + m K

!
q2(p + k)µ � (m 2

B � m 2
K )qµ "

! K (k ) |øs! µ b|B (p)" =
!
(p + k)µ #

m 2
B # m 2

K

q2
qµ

"
f + (q2 ) +

m 2
B # m 2

K

q2
qµ f 0 (q2 )

" ÒGold-platedÓ matrix elements: QCD-stable |i !  and |f !  states 

" Observables: differential branching fraction d&/dq 2,               
forward/backward asymmetry AFB (zero in SM), and Òflat termÓ 
FH



B ! V form factor s
! V (k, ! ) | øqö" µ b|B (p)" =

2iV (q2)

m B + m V
#µ !"# ! !

! k " p#

! V (k, ! ) | øqö" µ ö" 5b|B (p)" = 2 m V A 0(q2)
! ! áq

q2
qµ + ( m B + m V )A 1(q2)

!
! ! µ #

! ! áq

q2
qµ

"

# A 2(q2)
! ! áq

m B + m V

!
(p + k)µ #

m 2
B # m 2

V

q2
qµ

"

q! ! V (k, ! ) | øqö" µ ! b|B (p)" = 2 T1(q2)#µ "#$ ! ! " p# k $

q! ! V (k, ! ) | øqö" µ ! ö#5b|B (p)" = iT 2(q2)[ ! !
µ (m 2

B # m 2
V ) # ( ! ! áq)( p + k)µ ]

+ iT 3(q2)( ! ! áq)
!
qµ #

q2

m 2
B # m 2

V

(p + k)µ

"
!

A 12(q2) =
(m B + m V )2(m 2

B ! m 2
V ! q2)A 1(q2) ! ! A 2(q2)

16m B m 2
V (m B + m V )

T23(q2) =
m B + m V

8m B m 2
V

!
"
m 2

B + 3m 2
V ! q2

#
T2(q2) !

! T3(q2)

m 2
B ! m 2

V

$

! = ( t + ! t )( t ! ! t ) t = q2 t ± = ( m B ± m V )2with



" b !  " form factors

! ! (p! , s! ) | øs" Q |! Q (v, 0, s) " = øu(p! , s! )[ F1 (p! áv) + /vF 2(p! áv)] " U(v, s )

In the mb !  " limit

In general

! ! |øs! µ b|! b" = øu !

!
f V

1 ! µ # f V
2

i " µ ! q!

m ! b

+ f V
3

qµ

m ! b

"
u ! b

! ! |øs! µ ! 5b|! b" = øu !

!
f A

1 ! µ # f A
2

i " µ ! q!

m ! b

+ f A
3

qµ

m ! b

"
! 5u ! b

! ! |øsi ! µ ! q! " 5b|! b" = øu !

!
f T A

1

" µ q2 # qµ /q

m ! b

# f T A
2

qµ

m ! b

"
" 5u ! b

! ! |øsi ! µ ! q! b|! b" = øu !

!
f T V

1

" µ q2 # qµ /q

m ! b

# f T V
2

qµ

m ! b

"
u ! b



Form factor shape

Series (z) expansion

z =
!

t + " t "
!

t + " t 0
!

t + " t +
!

t + " t 0

t ± = ( m B ± m F )2

t 0 = 12 GeV 2

t = q2

Choose, e.g.

z
branch cut

t = t +

1

t = t ! t = 0

t > t +

Bourrely, Caprini, Lellouch PRD 79 (2009)!
following Okubo; Bourrely, Machet, de Rafael; 
Boyd, Grinstein, Lebed; Boyd & Savage;     
Arneson et al.; FNAL/MILC lattice collab; ...

F ( t ) =
1

1 ! t/m 2
res

!!!

n

an zn

Simplified series expansion



B !  K* form factors
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Bs !  !  form factors
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B !  K form factors
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FIG. 2: Form factors for B ! K ! + ! ! .

øK 0! + ! ! ) and B ± ! K ± ! + ! ! . The observables we cal-
culate from the form factors introduce additional depen-
dence onM B , M K , and "B . In what follows we calculate
isospin averaged values for each observable. Values for
most input parameters are taken from the PDG [29]. We
use 1/ #EW = 128.957(20) [30], |VtbV "

ts | = 0 .0405(8) [31],
and Wilson coe! cients from [32] with 2% errors [33]. In-
put parameter errors are propagated to errors reported
for observables [34].

Following Ref. [1] and restricting ourselves to the Stan-
dard Model, the di" erential decay rate is

d#! /dq2 = 2 a! + 2/ 3 c! , (1)

where a! and c! , deÞned in [11], are functions of form
factors, Wilson coe! cients, and other input parameters.

We convert decay rates into branching fractions using
the B mesonÕs mean lifetime,B! = #! "B . The resulting
di" erential branching fractions are shown for decay into
a generic light dilepton Þnal state in Fig. 3a and a di-
tau Þnal state in Fig. 3c. Di" erential branching fractions
for dielectron and dimuon Þnal states are nearly identi-
cal and when a generic light dilepton Þnal state is refer-
enced, values are obtained using the average di" erential
branching fraction. Figs. 3b and 3d show error contri-

butions from form factors, input parameters, and Wilson
coe! cients, denotedCi . Uncertainty in the form factors
dominates. Form factor errors are better controlled in the
region of simulated q2. As a result, di" erential branch-
ing fractions for B ! K " + " ! and for light dilepton Þnal
states at largeq2 are more precisely determined.

Integrating the di " erential branching fractions overq2

bins deÞned by (q2
low , q2

high ) permits direct comparison
with experiment,

B! (q2
low , q2

high ) "
! q2

high

q2
low

dq2 dB! /dq2 . (2)

Integrating over the full kinematic range yields the total
branching fractions

107Be(4m2
e, q2

max ) = 5 .55± 1.19,

107Bµ (4m2
µ , q2

max ) = 5 .54± 1.19,

107B" (14.18 GeV2, q2
max ) = 1 .41± 0.15, (3)

where q2
max = ( M B # M K )2. For the ditau Þnal state we

begin the integration at 14.18 GeV2 to account for the
experimentally vetoed $(2S) region. A detailed compar-
ison of our Standard Model branching fraction results
with experiment, and other calculations, is given in Ta-
ble I. The results of Altmannshofer and Straub [4] use
form factors from Ref. [35], in which quenched lattice [36]
and light cone sum rule [6] results are combined. The re-
sults of Bobeth et al. [5] use form factors obtained from
light cone sum rules in Ref. [7] and extrapolated to large
q2 via z expansion.

The ratio of dimuon and dielectron branching fractions

Rµ
e (q2

low , q2
high ) "

" q2
high

q2
low

dq2 dBµ /dq2

" q2
high

q2
low

dq2 dBe/dq2
, (4)

is a potentially sensitive probe of new physics [37], though
measurements thus far [12, 13] have been consistent with
the Standard Model. We extend the ratio to ditau Þ-
nal states, where new physics contributions may be even
larger [38] and Þnd

Rµ
e (4m2

µ , q2
max ) = 1 .00029(69), (5)

R"
µ (14.18 GeV2, q2

max ) = 1 .174(40), (6)

R"
e (14.18 GeV2, q2

max ) = 1 .178(41), (7)

R"
! (14.18 GeV2, q2

max ) = 1 .176(40). (8)

Correlations among form factors are accounted for in the
calculation of the ratios. We give values of the branching
fraction ratios in di " erent q2 bins in Tables II and III .

The angular distribution of the di " erential decay rate
is given by

1
#!

d#!

dcos%!
=

1
2

F !
H + A!

F B cos%! +
3
4

(1 # F !
H )(1 # cos2 %! ),

(9)
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FIG. 2: Form factors for B ! K ! + ! ! .

øK 0! + ! ! ) and B ± ! K ± ! + ! ! . The observables we cal-
culate from the form factors introduce additional depen-
dence onM B , M K , and "B . In what follows we calculate
isospin averaged values for each observable. Values for
most input parameters are taken from the PDG [29]. We
use 1/ #EW = 128.957(20) [30], |VtbV "

ts | = 0 .0405(8) [31],
and Wilson coe! cients from [32] with 2% errors [33]. In-
put parameter errors are propagated to errors reported
for observables [34].

Following Ref. [1] and restricting ourselves to the Stan-
dard Model, the di" erential decay rate is

d#! /dq2 = 2 a! + 2/ 3 c! , (1)

where a! and c! , deÞned in [11], are functions of form
factors, Wilson coe! cients, and other input parameters.

We convert decay rates into branching fractions using
the B mesonÕs mean lifetime,B! = #! "B . The resulting
di" erential branching fractions are shown for decay into
a generic light dilepton Þnal state in Fig. 3a and a di-
tau Þnal state in Fig. 3c. Di" erential branching fractions
for dielectron and dimuon Þnal states are nearly identi-
cal and when a generic light dilepton Þnal state is refer-
enced, values are obtained using the average di" erential
branching fraction. Figs. 3b and 3d show error contri-

butions from form factors, input parameters, and Wilson
coe! cients, denotedCi . Uncertainty in the form factors
dominates. Form factor errors are better controlled in the
region of simulated q2. As a result, di" erential branch-
ing fractions for B ! K " + " ! and for light dilepton Þnal
states at largeq2 are more precisely determined.

Integrating the di " erential branching fractions overq2

bins deÞned by (q2
low , q2

high ) permits direct comparison
with experiment,

B! (q2
low , q2

high ) "
! q2

high

q2
low

dq2 dB! /dq2 . (2)

Integrating over the full kinematic range yields the total
branching fractions

107Be(4m2
e, q2

max ) = 5 .55± 1.19,

107Bµ (4m2
µ , q2

max ) = 5 .54± 1.19,

107B" (14.18 GeV2, q2
max ) = 1 .41± 0.15, (3)

where q2
max = ( M B # M K )2. For the ditau Þnal state we

begin the integration at 14.18 GeV2 to account for the
experimentally vetoed $(2S) region. A detailed compar-
ison of our Standard Model branching fraction results
with experiment, and other calculations, is given in Ta-
ble I. The results of Altmannshofer and Straub [4] use
form factors from Ref. [35], in which quenched lattice [36]
and light cone sum rule [6] results are combined. The re-
sults of Bobeth et al. [5] use form factors obtained from
light cone sum rules in Ref. [7] and extrapolated to large
q2 via z expansion.

The ratio of dimuon and dielectron branching fractions

Rµ
e (q2

low , q2
high ) "

" q2
high

q2
low

dq2 dBµ /dq2

" q2
high

q2
low

dq2 dBe/dq2
, (4)

is a potentially sensitive probe of new physics [37], though
measurements thus far [12, 13] have been consistent with
the Standard Model. We extend the ratio to ditau Þ-
nal states, where new physics contributions may be even
larger [38] and Þnd

Rµ
e (4m2

µ , q2
max ) = 1 .00029(69), (5)

R"
µ (14.18 GeV2, q2

max ) = 1 .174(40), (6)

R"
e (14.18 GeV2, q2

max ) = 1 .178(41), (7)

R"
! (14.18 GeV2, q2

max ) = 1 .176(40). (8)

Correlations among form factors are accounted for in the
calculation of the ratios. We give values of the branching
fraction ratios in di " erent q2 bins in Tables II and III .

The angular distribution of the di " erential decay rate
is given by

1
#!

d#!

dcos%!
=

1
2

F !
H + A!

F B cos%! +
3
4

(1 # F !
H )(1 # cos2 %! ),

(9)

HPQCD Collaboration 
(using NRQCD+HISQ valence on MILC nf=2+1 asqtad)

C. Bouchard et al., arXiv:1306.0434, arXiv:1306:2384



" b !  " form factors
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FIG. 14. Comparison of our results for the ! Q ! ! form factors from dipole fits using Eqs. (41) and (44) to results from
monopole fits (the same equations without the power of 2 in the denominator). Shown here is the entire kinematic range needed
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FIG. 1. Observables for the decays B 0 ! K ! 0µ+ µ" (upper two rows) and B 0
s ! ! µ+ µ" (bottom row; untagged averages

over the øB 0
s and B 0

s distributions). The solid curves show our theoretical results in the Standard Model; the shaded areas give
the corresponding total uncertainties (with and without binning). The dashed curves correspond to the new-physics Þt result
C9 = CSM

9 " 1.1, C#
9 = 1 .1 (the uncertainties of the dashed curves are not shown for clarity). We also show our averages of

results from the CDF, LHCb, CMS, and ATLAS experiments [ 14, 51Ð53, 55] (note that S(LHCb)
4 = " S4 and P #(LHCb)

4 = " P #
4).

tainties in Eq. ( 14) are inßuenced by the theoretical and
experimental uncertainties, we performed new Þts where
we artiÞcially eliminated or reduced di! erent sources of
uncertainty. In particular, setting all form factor un-
certainties to zero results in CNP

9 = ! 0.9 ± 0.4, C!
9 =

0.7± 0.5, and raises the statistical signiÞcance for nonzero
(CNP

9 , C!
9) from 2! to 3! . Reducing instead the exper-

imental uncertainties can have a more dramatic e! ect,
because some of the angular observables already have
very small theory uncertainties compared to the current
experimental uncertainties.

Our result (14) is in remarkable agreement with the
result (8) of the Þt performed in Ref. [16], which did
not include the B 0

s " " µ+ µ" data. Equation (14) is
also consistent with the value CNP

9 # ! 1.5 obtained in
Ref. [15], and with the very recent Bayesian analysis of
Ref. [22]. As expected [16, 18], the new-physics scenario
(14) does not remove the tension seen in bin 1 forS4/P !

4.
Nevertheless, the Þt (14) signiÞcantly improves the over-
all agreement with the data, reducing the total #2 by 5.7
and giving #2/ d.o.f = 0 .96. We also performed a Þt of
the experimental data for all observables in bin 2 only,
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9. The contours correspond to
! " 2 = 2 .30, 6.18, 11.83.

which gives

CNP
9 = ! 0.9± 0.7, C!

9 = 0 .4± 0.7 (bin 2 only). (15)

A major concern about the calculations is the possi-
bility of larger-than-expected contributions from broad
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not include the B 0
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9 # ! 1.5 obtained in
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all agreement with the data, reducing the total #2 by 5.7
and giving #2/ d.o.f = 0 .96. We also performed a Þt of
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which gives
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experimental uncertainties, we performed new Þts where
we artiÞcially eliminated or reduced di! erent sources of
uncertainty. In particular, setting all form factor un-
certainties to zero results in CNP

9 = ! 0.9 ± 0.4, C!
9 =

0.7± 0.5, and raises the statistical signiÞcance for nonzero
(CNP

9 , C!
9) from 2! to 3! . Reducing instead the exper-

imental uncertainties can have a more dramatic e! ect,
because some of the angular observables already have
very small theory uncertainties compared to the current
experimental uncertainties.

Our result (14) is in remarkable agreement with the
result (8) of the Þt performed in Ref. [16], which did
not include the B 0

s " " µ+ µ" data. Equation (14) is
also consistent with the value CNP

9 # ! 1.5 obtained in
Ref. [15], and with the very recent Bayesian analysis of
Ref. [22]. As expected [16, 18], the new-physics scenario
(14) does not remove the tension seen in bin 1 forS4/P !

4.
Nevertheless, the Þt (14) signiÞcantly improves the over-
all agreement with the data, reducing the total #2 by 5.7
and giving #2/ d.o.f = 0 .96. We also performed a Þt of
the experimental data for all observables in bin 2 only,
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FIG. 2. The likelihood function of a Þt to the B 0 ! K ! 0µ+ µ"

and B 0
s ! ! µ+ µ" experimental data above q2 = 14 .18GeV2,

with Þt parameters CNP
9 and C#

9. The contours correspond to
! " 2 = 2 .30, 6.18, 11.83.

which gives

CNP
9 = ! 0.9± 0.7, C!

9 = 0 .4± 0.7 (bin 2 only). (15)

A major concern about the calculations is the possi-
bility of larger-than-expected contributions from broad
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FIG. 1. Observables for the decays B 0 ! K ! 0µ+ µ" (upper two rows) and B 0
s ! ! µ+ µ" (bottom row; untagged averages

over the øB 0
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s distributions). The solid curves show our theoretical results in the Standard Model; the shaded areas give
the corresponding total uncertainties (with and without binning). The dashed curves correspond to the new-physics Þt result
C9 = CSM
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FIG. 1. Observables for the decays B0 ! K⇤0µ+ µ� (upper two rows) and B0
s ! ! µ+ µ� (bottom row; untagged averages

over the øB0
s and B0

s distributions). The solid curves show our theoretical results in the Standard Model; the shaded areas give
the corresponding total uncertainties (with and without binning). The dashed curves correspond to the new-physics Þt result
C9 = CSM

9 " 1.1, C0
9 = 1 .1 (the uncertainties of the dashed curves are not shown for clarity). We also show our averages of

results from the CDF, LHCb, CMS, and ATLAS experiments [ 14, 51Ð53, 55] (note that S(LHCb)
4 = " S4 and P 0(LHCb)

4 = " P 0
4).

tainties in Eq. ( 14) are inßuenced by the theoretical and
experimental uncertainties, we performed new Þts where
we artiÞcially eliminated or reduced di! erent sources of
uncertainty. In particular, setting all form factor un-
certainties to zero results in CNP

9 = ! 0.9 ± 0.4, C!
9 =

0.7± 0.5, and raises the statistical signiÞcance for nonzero
(CNP

9 , C!
9) from 2! to 3! . Reducing instead the exper-

imental uncertainties can have a more dramatic e! ect,
because some of the angular observables already have
very small theory uncertainties compared to the current
experimental uncertainties.

Our result (14) is in remarkable agreement with the
result (8) of the Þt performed in Ref. [16], which did
not include the B 0

s

" " µ+µ" data. Equation (14) is
also consistent with the value CNP

9 # ! 1.5 obtained in
Ref. [15], and with the very recent Bayesian analysis of
Ref. [22]. As expected [16, 18], the new-physics scenario
(14) does not remove the tension seen in bin 1 forS4/P !

4.
Nevertheless, the Þt (14) signiÞcantly improves the over-
all agreement with the data, reducing the total #2 by 5.7
and giving #2/ d.o.f = 0 .96. We also performed a Þt of
the experimental data for all observables in bin 2 only,
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FIG. 2. The likelihood function of a Þt to the B0 ! K⇤0µ+ µ�

and B0
s ! ! µ+ µ� experimental data above q2 = 14 .18GeV2,

with Þt parameters CNP
9 and C0

9. The contours correspond to
! " 2 = 2 .30, 6.18, 11.83.

which gives

CNP
9 = ! 0.9± 0.7, C!

9 = 0 .4± 0.7 (bin 2 only). (15)

A major concern about the calculations is the possi-
bility of larger-than-expected contributions from broad
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FIG. 1. Observables for the decays B 0 ! K ! 0µ+ µ" (upper two rows) and B 0
s ! ! µ+ µ" (bottom row; untagged averages

over the øB 0
s and B 0

s distributions). The solid curves show our theoretical results in the Standard Model; the shaded areas give
the corresponding total uncertainties (with and without binning). The dashed curves correspond to the new-physics Þt result
C9 = CSM

9 " 1.1, C#
9 = 1 .1 (the uncertainties of the dashed curves are not shown for clarity). We also show our averages of

results from the CDF, LHCb, CMS, and ATLAS experiments [ 14, 51Ð53, 55] (note that S(LHCb)
4 = " S4 and P #(LHCb)

4 = " P #
4).

tainties in Eq. ( 14) are inßuenced by the theoretical and
experimental uncertainties, we performed new Þts where
we artiÞcially eliminated or reduced di! erent sources of
uncertainty. In particular, setting all form factor un-
certainties to zero results in CNP

9 = ! 0.9 ± 0.4, C!
9 =

0.7± 0.5, and raises the statistical signiÞcance for nonzero
(CNP

9 , C!
9) from 2! to 3! . Reducing instead the exper-

imental uncertainties can have a more dramatic e! ect,
because some of the angular observables already have
very small theory uncertainties compared to the current
experimental uncertainties.

Our result (14) is in remarkable agreement with the
result (8) of the Þt performed in Ref. [16], which did
not include the B 0

s " " µ+ µ" data. Equation (14) is
also consistent with the value CNP

9 # ! 1.5 obtained in
Ref. [15], and with the very recent Bayesian analysis of
Ref. [22]. As expected [16, 18], the new-physics scenario
(14) does not remove the tension seen in bin 1 forS4/P !

4.
Nevertheless, the Þt (14) signiÞcantly improves the over-
all agreement with the data, reducing the total #2 by 5.7
and giving #2/ d.o.f = 0 .96. We also performed a Þt of
the experimental data for all observables in bin 2 only,
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FIG. 2. The likelihood function of a Þt to the B 0 ! K ! 0µ+ µ"

and B 0
s ! ! µ+ µ" experimental data above q2 = 14 .18GeV2,

with Þt parameters CNP
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9. The contours correspond to
! " 2 = 2 .30, 6.18, 11.83.

which gives

CNP
9 = ! 0.9± 0.7, C!

9 = 0 .4± 0.7 (bin 2 only). (15)

A major concern about the calculations is the possi-
bility of larger-than-expected contributions from broad
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FIG. 1. Observables for the decays B 0 ! K ! 0µ+ µ" (upper two rows) and B 0
s ! ! µ+ µ" (bottom row; untagged averages

over the øB 0
s and B 0

s distributions). The solid curves show our theoretical results in the Standard Model; the shaded areas give
the corresponding total uncertainties (with and without binning). The dashed curves correspond to the new-physics Þt result
C9 = CSM

9 " 1.1, C#
9 = 1 .1 (the uncertainties of the dashed curves are not shown for clarity). We also show our averages of

results from the CDF, LHCb, CMS, and ATLAS experiments [ 14, 51Ð53, 55] (note that S(LHCb)
4 = " S4 and P #(LHCb)

4 = " P #
4).

tainties in Eq. ( 14) are inßuenced by the theoretical and
experimental uncertainties, we performed new Þts where
we artiÞcially eliminated or reduced di! erent sources of
uncertainty. In particular, setting all form factor un-
certainties to zero results in CNP

9 = ! 0.9 ± 0.4, C!
9 =

0.7± 0.5, and raises the statistical signiÞcance for nonzero
(CNP

9 , C!
9) from 2! to 3! . Reducing instead the exper-

imental uncertainties can have a more dramatic e! ect,
because some of the angular observables already have
very small theory uncertainties compared to the current
experimental uncertainties.

Our result (14) is in remarkable agreement with the
result (8) of the Þt performed in Ref. [16], which did
not include the B 0

s " " µ+ µ" data. Equation (14) is
also consistent with the value CNP

9 # ! 1.5 obtained in
Ref. [15], and with the very recent Bayesian analysis of
Ref. [22]. As expected [16, 18], the new-physics scenario
(14) does not remove the tension seen in bin 1 forS4/P !

4.
Nevertheless, the Þt (14) signiÞcantly improves the over-
all agreement with the data, reducing the total #2 by 5.7
and giving #2/ d.o.f = 0 .96. We also performed a Þt of
the experimental data for all observables in bin 2 only,
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and B 0
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with Þt parameters CNP
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9. The contours correspond to
! " 2 = 2 .30, 6.18, 11.83.

which gives

CNP
9 = ! 0.9± 0.7, C!

9 = 0 .4± 0.7 (bin 2 only). (15)

A major concern about the calculations is the possi-
bility of larger-than-expected contributions from broad
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" C9, C9Õ assumed to be real 

" Data in 2 highest q2 bins 

# B !  K*µµ (neutral mode): 
dB/ dq2, FL, S3, S4, S5, AFB 

# Bs !  !µµ : dB/ dq2, FL, S3 

" Theory correlations between 
observables & bins taken into 
account

Likelihood function
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FIG. 1. Observables for the decays B 0 ! K ! 0µ+ µ" (upper two rows) and B 0
s ! ! µ+ µ" (bottom row; untagged averages

over the øB 0
s and B 0

s distributions). The solid curves show our theoretical results in the Standard Model; the shaded areas give
the corresponding total uncertainties (with and without binning). The dashed curves correspond to the new-physics Þt result
C9 = CSM

9 " 1.1, C#
9 = 1 .1 (the uncertainties of the dashed curves are not shown for clarity). We also show our averages of

results from the CDF, LHCb, CMS, and ATLAS experiments [ 14, 51Ð53, 55] (note that S(LHCb)
4 = " S4 and P #(LHCb)

4 = " P #
4).

tainties in Eq. ( 14) are inßuenced by the theoretical and
experimental uncertainties, we performed new Þts where
we artiÞcially eliminated or reduced di↵erent sources of
uncertainty. In particular, setting all form factor un-
certainties to zero results in CNP

9 = ! 0.9 ± 0.4, C!
9 =

0.7± 0.5, and raises the statistical signiÞcance for nonzero
(CNP

9 , C!
9) from 2! to 3! . Reducing instead the exper-

imental uncertainties can have a more dramatic e↵ect,
because some of the angular observables already have
very small theory uncertainties compared to the current
experimental uncertainties.

Our result (14) is in remarkable agreement with the
result (8) of the Þt performed in Ref. [16], which did
not include the B 0

s " " µ+µ" data. Equation (14) is
also consistent with the value CNP

9 # ! 1.5 obtained in
Ref. [15], and with the very recent Bayesian analysis of
Ref. [22]. As expected [16, 18], the new-physics scenario
(14) does not remove the tension seen in bin 1 forS4/P !

4.
Nevertheless, the Þt (14) signiÞcantly improves the over-
all agreement with the data, reducing the total #2 by 5.7
and giving #2/ d.o.f = 0 .96. We also performed a Þt of
the experimental data for all observables in bin 2 only,
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s ! ! µ+ µ" experimental data above q2 = 14 .18GeV2,

with Þt parameters CNP
9 and C#

9. The contours correspond to
! " 2 = 2 .30, 6.18, 11.83.

which gives

CNP
9 = ! 0.9± 0.7, C!

9 = 0 .4± 0.7 (bin 2 only). (15)

A major concern about the calculations is the possi-
bility of larger-than-expected contributions from broad
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s ! ! µ+ µ" (bottom row; untagged averages

over the øB 0
s and B 0

s distributions). The solid curves show our theoretical results in the Standard Model; the shaded areas give
the corresponding total uncertainties (with and without binning). The dashed curves correspond to the new-physics Þt result
C9 = CSM

9 " 1.1, C#
9 = 1 .1 (the uncertainties of the dashed curves are not shown for clarity). We also show our averages of

results from the CDF, LHCb, CMS, and ATLAS experiments [ 14, 51Ð53, 55] (note that S(LHCb)
4 = " S4 and P #(LHCb)

4 = " P #
4).

tainties in Eq. ( 14) are inßuenced by the theoretical and
experimental uncertainties, we performed new Þts where
we artiÞcially eliminated or reduced di↵erent sources of
uncertainty. In particular, setting all form factor un-
certainties to zero results in CNP

9 = ! 0.9 ± 0.4, C!
9 =

0.7± 0.5, and raises the statistical signiÞcance for nonzero
(CNP

9 , C!
9) from 2! to 3! . Reducing instead the exper-

imental uncertainties can have a more dramatic e↵ect,
because some of the angular observables already have
very small theory uncertainties compared to the current
experimental uncertainties.

Our result (14) is in remarkable agreement with the
result (8) of the Þt performed in Ref. [16], which did
not include the B 0

s " " µ+µ" data. Equation (14) is
also consistent with the value CNP

9 # ! 1.5 obtained in
Ref. [15], and with the very recent Bayesian analysis of
Ref. [22]. As expected [16, 18], the new-physics scenario
(14) does not remove the tension seen in bin 1 forS4/P !

4.
Nevertheless, the Þt (14) signiÞcantly improves the over-
all agreement with the data, reducing the total #2 by 5.7
and giving #2/ d.o.f = 0 .96. We also performed a Þt of
the experimental data for all observables in bin 2 only,
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9. The contours correspond to
! " 2 = 2 .30, 6.18, 11.83.

which gives

CNP
9 = ! 0.9± 0.7, C!

9 = 0 .4± 0.7 (bin 2 only). (15)

A major concern about the calculations is the possi-
bility of larger-than-expected contributions from broad
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Appendix A: ModiÞed z Expansion

In recent D ! K (! ) semileptonic decay analyses we
developed the modiÞedz expansion [23, 24] in which the
chiral/continuum and kinematic extrapolations are per-
formed in a single step. These works, and our more re-
cent D ! K analysis [47], demonstrate the utility of
the modiÞedz expansion in semileptonicD decays. The
kinematic extrapolations required for semileptonicD de-
cays are, however, mild compared to those needed for
semileptonic B decays. In addition to the two-step chi-
ral/continuum and kinematic extrapolation of Sec. V, we
perform the extrapolations simultaneously via the mod-
iÞed z expansion. This allows us to test the modiÞedz
expansion for semileptonic decays requiring sizable kine-
matic extrapolation and provides a consistency check of
our Þnal results. We modify the BCL parameterizedz

expansion [33] and Þt the form factor data to

f 0(q2) = B0

K!

k=0

a0
k D 0

k z(q2)k , (A1)

f i (q2) =
Bi

Pi (q2)

K ! 1!

k=0

ai
k D i

k

"
z(q2)k � (�1)k ! K k

K
z(q2)K

#
,

(A2)

where i = + , T and

B = 1 + b1(aEK )2 + b2(aEK )4, (A3)

Dk = 1 + c(k )
1 xl + c(k )

2 xl (log xl + " ) + c(k )
3 " xs

+ d(k )
1 (a/ r 1 )2 + d(k )

2 (a/ r 1 )4

+ e(k ) $
1
2 "M 2

! + "M 2
K

%
, (A4)

xl =
(M HISQ

! )2

(4! F! )2 , (A5)

"xs =
(M HISQ

" s
)2 � M 2

" phys
s

(4! F! )2 , (A6)

"M 2
! ,K =

(M asqtad
! ,K )2 � (M HISQ

! ,K )2

(4! F! )2 . (A7)

Indices specifying the form factor (0, + , T) are implicitly
assumed in Eqs. (A3, A4) above.

In the modiÞedz expansionP and z are calculated sep-
arately for each ensemble using simulation masses and
momenta. We include the function B to account for
momentum-dependent discretization e! ects. The func-
tion Dk contains the NLO chiral analytic terms with co-
e" cientsci , e, and d1 and the NNLO d2 term. The c1 and
c2 terms extrapolate in light quark mass and accommo-
date Þnite volume e! ects via a shift in the chiral log [48].
We calculate the shift " for each ensemble using

" =
4

M ! L

!

r "= 0

K 1(rM ! L )
r

, (A8)

where r is a three-vector whose integer components run
over all lattice sites (r = |r |) and K 1 is the order one
modiÞed Bessel function of the second kind. To take the
inÞnite volume limit, we set " = 0. The c3 term ab-
sorbs strange quark mass mistuning by comparing the
#s meson mass obtained from simulation strange quark
masses [23] to the ÒphysicalÓ#s mass from [49]. The e
term absorbs slight di! erences between the valence and
sea quark masses due to our mixed (HISQ and asqtad) ac-
tion. The di terms account for discretization e! ects. As
in Eq. (35) we account for heavy-quark mass-dependent
discretization e! ects by making the d(k )

i mild functions
of amb

d(k )
1 ! d(k )

1 (1 + f (k )
1 " xb + f (k )

2 " x2
b ),

d(k )
2 ! d(k )

2 (1 + f (k )
3 " xb + f (k )

4 " x2
b ), (A9)
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An error in the code evaluating the Wilson coefficientCeff
9 led to the incorrect calculation of observables in our Letter.

Correcting the error results in shifts≲1! in these observables. The form factors are unaffected. We thank Lars Hofer and
Frederico Mescia for bringing the error to our attention and helping with its resolution.

The second and third sentences of the abstract should be changed toÒWe report onB"B ! Kl ! l ! # in q2 bins used
by experiment and predictB"B ! K"! "! # $ "1.44%0.15#! 10! 7. We also calculate the ratio of branching fractions
R#

e $ 1.00023"63# and predictR"
l $ 1.159"40#, for l $ e, u.Ó

Figure3 should be replaced as shown here.
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FIG. 3 (color online). (left) Standard model differential branching fractions and experiment. (right) Form factor, input parameter, and
Wilson coefficient (Ci ) contributions to the error. The total error is the sum in quadrature of the components. (a) Belle [11], BABAR
[12], CDF [13], and LHCb [14,15] data and the Standard Model contribution todBl =dq2, l $ e, #, (b) Error components fordBl =dq2,
(c) Predicted Standard Model contribution todB"=dq2, (d) Error components fordB"=dq2.
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FIG. 17. Left panel: Di ! erential branching fraction for " b ! " µ+ µ! . The solid curve is our prediction using the form factors
from lattice QCD. Long-distance e ! ects are not included in the calculation. The inner, dark shaded band around the curve
indicates the uncertainty in d B/ dq2 that results from the statistical plus systematic uncertainty in the form factors F± . The
outer, light shaded band additionally includes an estimate of the systematic uncertainty in d B/ dq2 that results from our use of
the static approximation for the b quark. The vertical dashed line indicates the lowest value of q2 where we have lattice data;
to the left of that line the form factors are extrapolated. To illustrate the model-dependence resulting from the extrapolation
of the form factors to low q2, the dashed curve shows dB/ dq2 computed with form factors extrapolated using a di ! erent ansatz
(monopole instead of dipole, see Fig. 14; the uncertainty for the dashed curve is not shown for clarity). The experimental
data are from Ref. [67], which is an update of Ref. [10]. The error bars shown for the experimental data include systematic
uncertainties. The vertical shaded bands indicate the charmonium veto regions, where long-distance e! ects are large. Right
panel: with binning applied to the theory prediction.

where

F = (( m! b ! m! )2 ! q2)F 2
! + (( m! b + m! )2 ! q2)F 2

+ , (60)

G = m6
! b

! m4
! b

!
3m2

! + q2"
! m2

! b

!
q2 ! m2

!

" !
3m2

! + q2"
+

!
q2 ! m2

!

"3
. (61)

To obtain the di ! erential branching fraction dB/ dq2 = ! ! b d" / dq2, we use the experimental value of the# b lifetime,
! ! b = 1 .425á10! 12 s [66]. The form factorsF+ and F! are given by the functions (43) with parametersN± and X ±
as in Table VIII, and with additional systematic uncertainties of 8% included (see Fig. 15). The resulting di! erential
branching fraction for # b " #µ+ µ! is shown in Fig. 17, along with recent experimental results from CDF [67].
The agreement of the standard model with the experimental data is clear, with no evidence for physics beyond the
standard model. Further predictions for # b " # "+ "! with " = e,! are shown in Fig. 18.

In Figs. 17 and 18, the inner shaded bands around the curves correspond to the statistical plus systematic uncertainty
in the form factors F± . However, note that we have lattice data only in the regionq2 ># 13 GeV2, as indicated by
the vertical dashed lines in Figs. 17 and 18. Below that region, we rely on extrapolations of the form factors, which
are model-dependent. This was shown in Fig. 14, where we compared the form factors from dipole and monopole
Þts. Our main results for the di! erential branching fractions are based on the dipole form factors. To illustrate the
model-dependence, the dashed curves in Figs. 17 and 18 give the di! erential branching fractions calculated with the
monopole form factors (the uncertainties of the dashed curves are not shown for clarity, but are of similar size as
with the dipole form factors). In the large-q2 region, both curves are consistent with each other. At lowq2, model-
dependence can be seen, but as already discussed in Sec. III G, a comparison between any two Þt models can only
give a qualitative picture of the model-dependence.

The outer shaded bands in Figs. 17 and 18 include an estimate of the systematic uncertainty in dB/ dq2 which
arises from the use of the static approximation (i.e., leading-order HQET) for theb quark. In general, the uncertainty
associated with this approximation is of order # QCD /m b. However, the non-zero momentump" of the # baryon in
the # b rest frame is an additional relevant scale, which may lead to errors of order|p"|/m b. Thus, we add these two

Detmold, Lin, Meinel, Wingate, Phys Rev D87 (2013) 
CDF, public note 108xx, v0.1, http://www-cdf.fnal.gov/physics/new/bottom/bottom.html 

LHCb, R Aaij, Phys. Lett. B 725 (2013) [arXiv:1306.2577]

CDF: red; LQCD: blue LHCb: blue; binned LQCD: red/yellow

Dominant theory error due to use of LO HQET (static action) 
Improved calculation (w/ RHQ) underway (Meinel, Lattice 2013)

http://www-cdf.fnal.gov/physics/new/bottom/bottom.html


Long distance effects?

" Grinstein & Pirjol (PRD 70 (2004)) : Incorporation of nonlocal 
effects at large q2 via OPE.  Should hold for low recoil data 
binned over resonances. 

" Lyon & Zwicky (arXiv:1406.0566) : Investigate size nonfactorizable 
contributions.  Conclude that under some circumstances, these 
could explain discrepancies between data and SM predictions



Summary

" First unquenched LQCD calculations of b !  s form factors  

" These reduce uncertainties in f.f., especially at large q2 

" B(s)  !  K*, ! : complement sum rule calculations, many 
observables, caveat: K* !  K $ threshold effects not included 
(ambitious proposal: Brice–o, Hansen, Walker-Loud, arXiv:1406.5965)  

# Expt b.f. suppressed relative to SM 

# Best fit coincides with Altmannshofer-Straub, compatible w/
others 

" B !  K: Precise short distance, expt. b.f. seems suppressed 
relative to SM, prominent ' (4160) resonance  

" " b !  " : static limit done, hint of high q2 enhancement in b.f.,  
calculation with physical mb underway
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B !  K* form factors
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Bs !  !  form factors
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Bs !  K* form factors (b !  u or b !  d)
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Form factor error budget

Statistical + fitting uncertainties depend on z 
Smaller than systematic uncertainty in some cases 
Total uncertainty typically #10-20% in data range

14

TABLE VIII: Results and covariance matrix of the 6-parameter Þt to B ! K ! form factors P(t; 135MeV)T1(t) and
P(t; 550MeV)T2(t). The Þt implements the constraint that T1(0) = T2(0).

p value C(p, aT1
0 ) C(p, aT1

1 ) C(p, cT1
01 ) C(p, aT2

0 ) C(p, aT2
1 ) C(p, cT2

01 )
aT1

0 0.435(25) 6.1 " 10" 4 2.9 " 10" 3 # 1.5 " 10" 2 4.3 " 10" 4 4.8 " 10" 3 # 5.7 " 10" 3

aT1
1 # 1.49(25) 2.9 " 10" 3 6.3 " 10" 2 1.6 " 10" 2 4.0 " 10" 3 5.0 " 10" 2 # 3.6 " 10" 2

cT1
01 0.58(82) # 1.5 " 10" 2 1.6 " 10" 2 6.8 " 10" 1 # 7.2 " 10" 3 # 7.3 " 10" 2 1.5 " 10" 1

aT2
0 0.291(20) 4.3 " 10" 4 4.0 " 10" 3 # 7.2 " 10" 3 4.1 " 10" 4 4.3 " 10" 3 # 5.8 " 10" 3

aT2
1 0.09(24) 4.8 " 10" 3 5.0 " 10" 2 # 7.3 " 10" 2 4.3 " 10" 3 5.6 " 10" 2 # 3.4 " 10" 2

cT2
01 0.33(45) # 5.7 " 10" 3 # 3.6 " 10" 2 1.5 " 10" 1 # 5.8 " 10" 3 # 3.4 " 10" 2 2.0 " 10" 1

TABLE IX: Results and covariance matrix of the 6-parameter Þt to Bs ! ! form factors P(t; 45MeV)T1(t) and
P(t; 440MeV)T2(t). The Þt implements the constraint that T1(0) = T2(0).

p value C(p, aT1
0 ) C(p, aT1

1 ) C(p, cT1
01 ) C(p, aT2

0 ) C(p, aT2
1 ) C(p, cT2

01 )
aT1

0 0.4193(106) 1.1 " 10" 4 2.8 " 10" 4 # 4.1 " 10" 3 7.0 " 10" 5 7.8 " 10" 4 # 1.2 " 10" 3

aT1
1 # 1.138(119) 2.8 " 10" 4 1.4 " 10" 2 2.5 " 10" 2 7.2 " 10" 4 9.0 " 10" 3 # 9.1 " 10" 3

cT1
01 1.36(57) # 4.1 " 10" 3 2.5 " 10" 2 3.3 " 10" 1 # 1.1 " 10" 3 # 1.0 " 10" 2 3.3 " 10" 2

aT2
0 0.2975(84) 7.0 " 10" 5 7.2 " 10" 4 # 1.1 " 10" 3 7.0 " 10" 5 7.3 " 10" 4 # 1.3 " 10" 3

aT2
1 0.290(98) 7.8 " 10" 4 9.0 " 10" 3 # 1.0 " 10" 2 7.3 " 10" 4 9.6 " 10" 3 # 7.5 " 10" 3

cT2
01 0.57(23) # 1.2 " 10" 3 # 9.1 " 10" 3 3.3 " 10" 2 # 1.3 " 10" 3 # 7.5 " 10" 3 5.5 " 10" 2

TABLE X: Estimates of systematic uncertainties. E ! ects due
to light quark mass dependence and lattice spacing depen-
dence are included in the statistical Þtting uncertainties.

source size
Truncation of O(" 2

s ) terms 4%
Truncation of O(" s " QCD /m b) terms 2%
Truncation of O(" 2

QCD /m 2
b) terms 1%

Mistuning of mb < 1%
Mistuning of ms 2%
Net systematic uncertainty 5%

terms in z, after removing the pole factor. The pres-
ence of az2 term, not necessary to Þt the lattice data,
would a! ect the extrapolation of lattice results to low q2.
One possibility would be to Þt both lattice and sum rule
results to obtain a parametrization of the form factors
over the whole physical range ofq2 (e.g. as in Ref. [102]).
However, given that one can only plausibly isolate short-
distance physics forq2 < m 2

J/ ! and q2 > m ! ! , one might
use the lattice results in the low recoil limit, where only
interpolation is necessary.

In addition to providing results useful as inputs to
Standard Model (or BSM) predictions for observables,
we can consider ratios of form factors which test the ac-
curacy of the heavy quark expansion. To leading order in
" QCD /m b, the 1-loop improved Isgur-Wise relations [104]

TABLE XI: B ! K ! form factor ratios. Statistical uncer-
tainties were determined by bootstrap analysis.

ensemble |n|2 V/A 1 A12 /A 1 T1/T 2 T23 /T 2

f0062 1 2.83(17) 0.70(4) 2.25(10) 1.89(7)
2 2.62(19) 0.69(6) 2.13(14) 1.84(12)
4 2.2(3) 0.69(10) 2.0(2) 1.9(3)

c007 1 2.70(13) 0.62(9) 2.16(12) 1.8(2)
2 2.74(20) 0.79(11) 2.13(17) 2.2(3)
4 2.5(4) 0.75(16) 2.2(4) 1.9(3)

c02 1 2.57(13) 0.64(4) 2.16(11) 1.73(5)
2 2.4(3) 0.62(5) 2.03(14) 1.67(13)
4 1.8(4) 0.73(11) 1.7(3) 2.0(2)

are

V
T1

= ! and
A1

T2
= ! , (46)

where [14, 57]

! = 1 !
2" s

3#
log

µ
mb

. (47)

In our calculation, the tensor form factors are quoted
with µ = mb. The lattice data for these ratios are tab-
ulated in Table XV . We note that the O(" QCD /m b) cor-
rections to (46) are rather large for V/T1 at about 25%,
while signiÞcantly smaller for A1/T 2, less than 10%.

This calculation improves on what is known about the
B " V form factors, especially at largeq2, which cor-



Form factor shape

" In static limit, z-expansion is not applicable 

" Instead, try monopole, dipole, etc.  (Latter is a better fit to 
the data) 

" Incorporate discretization and quark mass effects 

!

!

!

" In practice, cÕs & dÕs small, consistent with zero                  
[except cl,+ = 0.094(32)]

F =
N

(X + E ! ! m ! ) 2
[1 + d(aE ! ) 2 ]

X = X 0 + c! [m 2
" ! (m phys

" ) 2 ] + cs [m 2
# s

! (m phys
# s

) 2 ]


