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•Negative mass has always been an 
intriguing possibility

• It gives rise to the possibility of anti-gravity, 
and idea that has captured our imagination 
from the beginning of time.

•With the understanding of a dynamical 
theory of gravity afforded by general 
relativity, we had the tools that are necessary 
to contemplate negative mass. 

•Negative mass particles, if they exists are 
strange beasts.
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• A negative mass particle creates a negative 
gravitational field, however, because of the 
equivalence principle, it is attracted to 
positive mass particles.

•  The force is exerted on a negative mass 
particle        by a positive mass particle     is:

• The acceleration felt by the negative mass 
particle is:

1 Negative mass particles

It has been the common understanding that negative mass Schwarzschild so-
lutions, in general relativity, have no physical meaning. On the other hand,
it has also been realized that classical solutions, no matter how crazy, seem
to have some meaning in the full quantum theory. Take for example the
case of instantons, classical solutions in imaginary time. On the face of it,
these have no physical relevance, however, they turn out to give us a pow-
erful method to compute tunnelling amplitudes. No initial configuration of
matter, that satisfies the dominant energy condition, will collapse through
classical time evolution to a negative mass configuration. Matter will only
collapse to positive mass black hole configurations. But perhaps the exis-
tence of the negative mass solutions is simply a sign that the classical theory
is incomplete. These solutions are only singular at one point and the sin-
gularity is naked, but away from the singularity they are very well behaved.
Perhaps their defective nature is only a problem due to our incomplete un-
derstanding of gravity. It is believed that the full, quantum theory of gravity
will have no unphysical configurations, and quite possibly the negative mass
Schwarzschild solutions may have a non-trivial role in this theory, with the
problem of the naked singularity resolved by ultra-violet completeness. It
would be important to find the physical meaning of the negative mass so-
lutions. In this essay we find that negative mass solutions in a de Sitter
geometry are perfectly physical.

But if they exist, particles of negative mass are strange beasts. Because of
the equivalence principle, they are actually attracted by particles of positive
mass. Indeed, using Newton’s law for the universal gravitational force on a
particle of mass �m by a particle of positive mass M we get

F =
GM(�m)

r2
. (1)

However the momentum of the negative mass particle is p = (�m)v thus
Newton’s second law gives us

ṗ = (�m)a = F =
GM(�m)

r2
. (2)

Evidently the mass of the accelerated particle, �m, cancels from both sides,
giving a = GM

r2 , the universal gravitational acceleration, which is of course
independent of the (negative) mass and hence consistent with the equivalence
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principle. On the other hand, negative mass particles act as repulsive sources
for all other matter, indeed, the acceleration of a particle of mass M , be it
of any sign, in the presence of a particle of negative mass �m is given by

ṗ = Ma = F =
G(�m)M

r2
. (3)

which gives the universal, negative acceleration a = G(�M)
r2 or repulsion/anti-

gravity. Thus we are faced with the amusing scenario where a pair of positive
and negative mass particles simply shoot o↵ along the line joining the two
particles, in the direction pointing from the negative mass particle to the
positive mass one. Furthermore this motion has no problem with momentum
conservation, the momentum of the negative mass particle moving in the
same direction as the positive mass particle is actually negative and exactly
cancels against the positive momentum of the positive mass particle.

The metric of the negative mass Schwarzschild metric, which is a solution
of the vacuum Einstein equations, is given by

d⌧ 2 = (1� 2G(�M)/r) dt2 � dr2

(1� 2G(�M)/r)
� r2d✓2 � r2 sin2 ✓d�2 (4)

with M taken positive. This solution admits a (naked) singularity at r = 0
which is not cloaked behind an event horizon. The singularity notwithstand-
ing, this metric must describe some aspects of a negative mass particle. Sin-
gularities are commonly accepted as artefacts of some idealization in the ef-
fective description that is being adopted, of the system under consideration.
For example, point charge approximations in electrodynamics with their at-
tendant infinite energy density and infinite forces, are of little concern when
studying the low energy classical dynamics of charged particles. We are com-
fortable in the understanding that at very short distances, the point charge
approximation breaks down, and the charges are actually smeared over a fi-
nite spatial volume. The same can be said of the positive mass Schwarzschild
solution, given by changing �M ! M in the metric above, Eqn. (4). The ex-
terior geometry of stars is considered to be exactly Schwarzschild, the vacuum
Einstein equations being valid. But as soon as we hit the star’s surface, there
is a non-zero energy momentum tensor, and the vacuum Einstein equations
are no longer applicable. The metric is deformed so that the event horizon
and the black-hole singularity are simply absent. The content of this essay
is to examine whether it is possible to do the same sort of deformation for
the case of negative mass point gravitational particles.
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ing, this metric must describe some aspects of a negative mass particle. Sin-
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Einstein equations being valid. But as soon as we hit the star’s surface, there
is a non-zero energy momentum tensor, and the vacuum Einstein equations
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• Obviously the negative mass cancels from both 
sides of the equation giving:

• On the other hand, the acceleration felt by the 
positive mass particle is obtained through:

• That is:

1 Negative mass particles

It has been the common understanding that negative mass Schwarzschild so-
lutions, in general relativity, have no physical meaning. On the other hand,
it has also been realized that classical solutions, no matter how crazy, seem
to have some meaning in the full quantum theory. Take for example the
case of instantons, classical solutions in imaginary time. On the face of it,
these have no physical relevance, however, they turn out to give us a pow-
erful method to compute tunnelling amplitudes. No initial configuration of
matter, that satisfies the dominant energy condition, will collapse through
classical time evolution to a negative mass configuration. Matter will only
collapse to positive mass black hole configurations. But perhaps the exis-
tence of the negative mass solutions is simply a sign that the classical theory
is incomplete. These solutions are only singular at one point and the sin-
gularity is naked, but away from the singularity they are very well behaved.
Perhaps their defective nature is only a problem due to our incomplete un-
derstanding of gravity. It is believed that the full, quantum theory of gravity
will have no unphysical configurations, and quite possibly the negative mass
Schwarzschild solutions may have a non-trivial role in this theory, with the
problem of the naked singularity resolved by ultra-violet completeness. It
would be important to find the physical meaning of the negative mass so-
lutions. In this essay we find that negative mass solutions in a de Sitter
geometry are perfectly physical.

But if they exist, particles of negative mass are strange beasts. Because of
the equivalence principle, they are actually attracted by particles of positive
mass. Indeed, using Newton’s law for the universal gravitational force on a
particle of mass �m by a particle of positive mass M we get

F =
GM(�m)

r2
. (1)

However the momentum of the negative mass particle is p = (�m)v thus
Newton’s second law gives us

ṗ = (�m)a = F =
GM(�m)

r2
. (2)

Evidently the mass of the accelerated particle, �m, cancels from both sides,
giving a = GM

r2 , the universal gravitational acceleration, which is of course
independent of the (negative) mass and hence consistent with the equivalence
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• This yields the amusing scenario that a positive and 
negative mass pair of particles will spontaneously 
accelerate along the line that joins the two, the positive 
mass particle being pushed away from the negative 
mass particle while the negative mass particle being 
attracted to the positive mass particle.

• This has no inconsistency with momentum 
conservation, the momentum of the negative mass 
particle is of course negative, thus the moving pair has 
net momentum zero.

• If the particles have differing magnitude of  masses, 
the negative mass larger than the positive mass, then 
they will asymptotically separate and move at constant 
velocity getting ever further and further apart, while if 
the negative mass is smaller, it will eventually collide 
with the positive mass particle.  
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Dominant Energy Condition 
• The dominant energy condition is a very 

reasonable, local constraint to impose on any 
physical energy-momentum distribution.

• It enforces that no observer will see energy-
momentum is moving faster than the speed 
of light.

• Consider a spherically symmetric 
distribution of matter and the ensuing metric 
in Schwarzschild coordinates

The RHS of Eqn. (7) can be interpreted as the energy-momentum tensor of
a “dark-energy” type of matter Tµ⌫ = (⇤/8⇡G)gµ⌫ . It respects the dominant
energy condition everywhere, apart from the position of the singularity where
no conclusion should be made. We will show that the metric can be deformed
to a completely non-singular metric that everywhere respects the dominant
energy condition.

Pure de Sitter space-time corresponds to an exact solution of the Einstein
equations in the presence a constant, dark-energy type of energy-momentum.
We can imagine creating a compact region of space where the energy-momentum
density is higher than this background at the expense of adding in some
energy-momentum density. The corresponding exact solution, outside the
compact region, would be the positive mass Schwarzschild de Sitter met-
ric. Conversely, we can imagine creating a compact region of space where
the energy-momentum tensor is lower than the background at the expense
of subtracting o↵ some energy density. The corresponding exact solution,
outside the compact region, would be the negative mass Schwarzschild de
Sitter metric. As the regions of space over which the super density or the
sub density is created would be of finite volume, the resultant total metric
would be everywhere non-singular. As the regions over which the density
is to be perturbed are small, and the perturbations are also small, it is not
surprising that it is possible to maintain the dominant energy valid satisfied
at all points.

2 Dominant energy condition

We will consider a spherically symmetric, static space-time in Schwarzschild
coordinates, for which the metric looks like

d⌧ 2 =

✓
1� 2

M(r)

r

◆
dt2 � 1

1� 2M(r)
r

dr2 � r2d✓2 � r2 sin2(✓)d�2 (8)

where M(r) is the e↵ective mass of the space-time. These coordinates are
valid for 1� 2M(r)

r > 0. The energy-momentum tensor giving this particular
metric is given by

T 0
0 = T 1

1 =
2M 0(r)

r2
, T 2

2 = T 3
3 =

M 00(r)

r
(9)

where 8⇡G and the speed of light in vacuum set equal to 1. The dominant
energy conditions states that for all timelike or lightlike vector u, T 0⌫u⌫ � 0
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• Here,         is the mass inside a sphere of 
coordinate radius       .

• Inserting this metric into the Einstein tensor 
gives the energy-momentum tensor that 
would create such a metric.  It is easily found 
that:

• The dominant energy condition imposes:

• For any time-like or light-like vector
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• In a given Lorentz frame, a general time-like 
vector is of the form:

• with
• Then the dominant energy condition implies:

• which is equivalent to simply:
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• And the second constraint yields:

• which requires

• since the denominator in the second term can be 
arbitrarily small.

• This inequality is equivalent to the two conditions:
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Positive Energy Theorem
• The positive energy theorem states that any 

space-time that is asymptotically flat and 
contains energy-momentum that everywhere 
satisfies the dominant energy condition, will 
necessarily have  a positive ADM mass.

• In our specialized spherically symmetric 
geometry, this requires that:

• Thus we cannot have asymptotic flatness and  

The Einstein equations in the presence of energy-momentum are given by

Gµ⌫ [g�⇢] = 8⇡G Tµ⌫ (5)

where Gµ⌫ [g�⇢] = Rµ⌫ [g�⇢]� (1/2)R[g�⇢]gµ⌫ is the Einstein tensor, expressed
in terms of the Ricci tensor Rµ⌫ [g�⇢] and the curvature scalar R[g�⇢] all three
of which are functionals of the metric tensor gµ⌫ , while Tµ⌫ is the energy-
momentum tensor and G is the Newton constant. The basic idea of smearing
out a singular metric corresponds to replacing the singular metric gµ⌫ ! g̃µ⌫
which has no singularities, and the using the LHS of Eqn. (5) to define what
energy-momentum is required for a consistent solution. This can be easily
done for both positive and negative mass Schwarzschild solutions, the sim-
plest deformation would be to replace M(r) ! M and M � 0ensure that
M(r) ! 0 as r ! 0 su�ciently fast. Inserting the so obtained non-singular
metric into the LHS of Eqn. (5), yields the required energy-momentum dis-
tribution for a non-singular, negative mass particle. However, the situation
is not so simple.

Various positive energy theorems state that under the assumption of
asymptotic flatness and that the the dominant energy condition is satis-
fied, the mass parameter of a distribution of matter must always be posi-
tive. Therefore, as our non-singular metric is giving rise to a negative mass,
then it follows that the energy-momentum tensor, required to produce the
non-singular negative mass distribution, must violate the dominant energy
condition somewhere in the interior. Such a situation cannot be tolerated,
if a mass distribution violates the dominant energy condition, then the mat-
ter is seen to be moving outside the light-cone. The simple negative mass
Schwarzschild metric does not admit a deformation to a non-singular metric
of asymptotic negative mass.

However, the assumption of asymptotic flatness is crucial. Relaxing this
condition, the positive energy theorems no longer apply. It is then easy to
find negative mass solutions. For example, an infinite class of exact although
singular solutions exist that correspond to a negative mass black holes in a
de Sitter background. The metric is given by

d⌧ 2 =

✓
1� (⇤/3)r3 � 2GM

r

◆
dt2� dr2⇣

1� (⇤/3)r3�2GM
r

⌘�r2d✓2�r2 sin2 ✓d�2.

(6)
which is an exact solution of the Einstein’s equations in the presence of a

4

The Einstein equations in the presence of energy-momentum are given by

Gµ⌫ [g�⇢] = 8⇡G Tµ⌫ (5)

where Gµ⌫ [g�⇢] = Rµ⌫ [g�⇢]� (1/2)R[g�⇢]gµ⌫ is the Einstein tensor, expressed
in terms of the Ricci tensor Rµ⌫ [g�⇢] and the curvature scalar R[g�⇢] all three
of which are functionals of the metric tensor gµ⌫ , while Tµ⌫ is the energy-
momentum tensor and G is the Newton constant. The basic idea of smearing
out a singular metric corresponds to replacing the singular metric gµ⌫ ! g̃µ⌫
which has no singularities, and the using the LHS of Eqn. (5) to define what
energy-momentum is required for a consistent solution. This can be easily
done for both positive and negative mass Schwarzschild solutions, the sim-
plest deformation would be to replace M(r) ! �M and M � 0ensure that
M(r) ! 0 as r ! 0 su�ciently fast. Inserting the so obtained non-singular
metric into the LHS of Eqn. (5), yields the required energy-momentum dis-
tribution for a non-singular, negative mass particle. However, the situation
is not so simple.

Various positive energy theorems state that under the assumption of
asymptotic flatness and that the the dominant energy condition is satis-
fied, the mass parameter of a distribution of matter must always be posi-
tive. Therefore, as our non-singular metric is giving rise to a negative mass,
then it follows that the energy-momentum tensor, required to produce the
non-singular negative mass distribution, must violate the dominant energy
condition somewhere in the interior. Such a situation cannot be tolerated,
if a mass distribution violates the dominant energy condition, then the mat-
ter is seen to be moving outside the light-cone. The simple negative mass
Schwarzschild metric does not admit a deformation to a non-singular metric
of asymptotic negative mass.

However, the assumption of asymptotic flatness is crucial. Relaxing this
condition, the positive energy theorems no longer apply. It is then easy to
find negative mass solutions. For example, an infinite class of exact although
singular solutions exist that correspond to a negative mass black holes in a
de Sitter background. The metric is given by

d⌧ 2 =

✓
1� (⇤/3)r3 � 2GM

r

◆
dt2� dr2⇣

1� (⇤/3)r3�2GM
r

⌘�r2d✓2�r2 sin2 ✓d�2.

(6)
which is an exact solution of the Einstein’s equations in the presence of a

4

Tuesday, 30 July, 13



  

• The Schwarzschild metric is an exact solution of 
the vacuum Einstein equations which contains 
one parameter, the mass which can be positive 
or negative:

• The metric contains no energy-momentum, 
except at the location of its singularity at the 
origin.  For negative mass it has no horizon.  
The singularity is at a spatial point, and seems to 
be benign, it is repulsive and can be avoided.  
Furthermore, it can be smoothed out by 
replacing:

principle. On the other hand, negative mass particles act as repulsive sources
for all other matter, indeed, the acceleration of a particle of mass M , be it
of any sign, in the presence of a particle of negative mass �m is given by

ṗ = Ma = F =
G(�m)M

r2
. (3)

which gives the universal, negative acceleration a = G(�m)
r2 or repulsion/anti-
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(1� 2G(�M)/r)
� r2d✓2 � r2 sin2 ✓d�2 (4)

with M taken positive. This solution admits a (naked) singularity at r = 0
which is not cloaked behind an event horizon. The singularity notwithstand-
ing, this metric must describe some aspects of a negative mass particle. Sin-
gularities are commonly accepted as artefacts of some idealization in the ef-
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the case of negative mass point gravitational particles.
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of which are functionals of the metric tensor gµ⌫ , while Tµ⌫ is the energy-
momentum tensor and G is the Newton constant. The basic idea of smearing
out a singular metric corresponds to replacing the singular metric gµ⌫ ! g̃µ⌫
which has no singularities, and the using the LHS of Eqn. (5) to define what
energy-momentum is required for a consistent solution. This can be easily
done for both positive and negative mass Schwarzschild solutions, the sim-
plest deformation would be to replace �M ! �M(r) and M � 0 ensure that
M(r) ! 0 as r ! 0 su�ciently fast. Inserting the so obtained non-singular
metric into the LHS of Eqn. (5), yields the required energy-momentum dis-
tribution for a non-singular, negative mass particle. However, the situation
is not so simple.

Various positive energy theorems state that under the assumption of
asymptotic flatness and that the the dominant energy condition is satis-
fied, the mass parameter of a distribution of matter must always be posi-
tive. Therefore, as our non-singular metric is giving rise to a negative mass,
then it follows that the energy-momentum tensor, required to produce the
non-singular negative mass distribution, must violate the dominant energy
condition somewhere in the interior. Such a situation cannot be tolerated,
if a mass distribution violates the dominant energy condition, then the mat-
ter is seen to be moving outside the light-cone. The simple negative mass
Schwarzschild metric does not admit a deformation to a non-singular metric
of asymptotic negative mass.

However, the assumption of asymptotic flatness is crucial. Relaxing this
condition, the positive energy theorems no longer apply. It is then easy to
find negative mass solutions. For example, an infinite class of exact although
singular solutions exist that correspond to a negative mass black holes in a
de Sitter background. The metric is given by
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• But it is exactly such a deformation that 
cannot satisfy the dominant energy 
condition, since the positive energy theorem 
tells us that if the dominant energy condition 
were satisfied, the mass parameter would 
necessarily have to be positive.

• But we can imagine eschewing the positive 
energy condition by dropping the constraint 
of asymptotic flatness.  The inflationary 
phase of the universe or even in principle the 
present, accelerating universe are both 
asymptotically de Sitter universes which are 
not asymptotically flat.
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• There is another exact solution of the Einstein 
equations with cosmological constant given by 
the metric

• containing two free parameters       and       which 
can be positive or negative. 

• We ask the question: Is there a deformation of the 
positive     but negative      metric that satisfies 
the dominant energy condition everywhere? 
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cosmological constant
Gµ⌫ [g�⇢] = ⇤gµ⌫ . (7)

The RHS of Eqn. (7) can be interpreted as the energy-momentum tensor of
a “dark-energy” type of matter Tµ⌫ = (⇤/8⇡G)gµ⌫ . It respects the dominant
energy condition everywhere, apart from the position of the singularity where
no conclusion should be made. We will show that the metric can be deformed
to a completely non-singular metric that everywhere respects the dominant
energy condition.

Pure de Sitter space-time corresponds to an exact solution of the Einstein
equations in the presence a constant, dark-energy type of energy-momentum.
We can imagine creating a compact region of space where the energy-momentum
density is higher than this background at the expense of adding in some
energy-momentum density. The corresponding exact solution, outside the
compact region, would be the positive mass Schwarzschild de Sitter met-
ric. Conversely, we can imagine creating a compact region of space where
the energy-momentum tensor is lower than the background at the expense
of subtracting o↵ some energy density. The corresponding exact solution,
outside the compact region, would be the negative mass Schwarzschild de
Sitter metric. As the regions of space over which the super density or the
sub density is created would be of finite volume, the resultant total metric
would be everywhere non-singular. As the regions over which the density
is to be perturbed are small, and the perturbations are also small, it is not
surprising that it is possible to maintain the dominant energy valid satisfied
at all points.

2 Dominant energy condition

We will consider a spherically symmetric, static space-time in Schwarzschild
coordinates, for which the metric looks like

d⌧ 2 =

✓
1� 2

M(r)

r

◆
dt2 � 1

1� 2M(r)
r

dr2 � r2d✓2 � r2 sin2(✓)d�2 (8)

where M(r) is the e↵ective mass of the space-time. These coordinates are
valid for 1� 2M(r)

r > 0. The energy-momentum tensor giving this particular
metric is given by

T 0
0 = T 1

1 =
2M 0(r)

r2
, T 2

2 = T 3
3 =

M 00(r)

r
(9)
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• We find that indeed there is such a 
deformation.  If we take:

• And interpolating between we take:

where 8⇡G and the speed of light in vacuum set equal to 1. The dominant
energy conditions states that for all timelike or lightlike vector u, T 0⌫u⌫ � 0
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Considering lightlike vectors does not yield any new results and we can see
that (14) and (15) together implies (11). The dominant energy condition is
thus equivalent to these two inequalities.

3 Particular class of solution
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if r < R1. Granted this function is singular at r = 0, but it can be easily
smoothed out by replacing q ! q(r) near r = 0. If r > R2 > R1, then it is
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This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
condition (14) takes the form:
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This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
condition (14) takes the form:
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This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
condition (14) takes the form:
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This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
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• With

• Then we find:

• A little algebra shows that it is possible to have 

• The solution represents a negative mass bubble in a 
de Sitter background containing a positive mass, 
charged black hole with cosmological constant that 
everywhere satisfies the dominant energy condition.
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This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
condition (14) takes the form:
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that is, the sign of Jnp(r) never changes. We can easily see that this is always
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if r < R1. Granted this function is singular at r = 0, but it can be easily
smoothed out by replacing q ! q(r) near r = 0. If r > R2 > R1, then it is
described by
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This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
condition (14) takes the form:
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that is, the sign of Jnp(r) never changes. We can easily see that this is always
true. Condition (15) takes the form:
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This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
condition (14) takes the form:
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that is, the sign of Jnp(r) never changes. We can easily see that this is always
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This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
condition (14) takes the form:
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that is, the sign of Jnp(r) never changes. We can easily see that this is always
true. Condition (15) takes the form:
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we can see that the derivative of the right side of this inequality is
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that is, this function is a decreasing function of r and thus, inequality (23)
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that is, ⇤ > 0. Since ⇤ does not appear in the value of M , it follows that
there will always be a positive value of ⇤ such that this inequality is verified.
Also, since M < m, for all p and k, there will always be a value of q such
that M < 0 while still having m > 0. The exterior of this bubble would thus
appear as a part of de Sitter space-time with a negative-mass black hole in
it.

4 Conclusion

Negative mass configurations within a de Sitter universe context must have
important consequences in the early universe. In the inflationary epoch, the
universe is essentially a de Sitter space-time. Pair production of negative-
positive mass pairs would give rise to a strange, neutral, gravitational plasma,
which could dominate the behaviour of gravitational waves in the early uni-
verse. Indeed, in contradistinction to oppositely charged pairs which attract
one another, positive and negative mass pairs chase after each other. The
negative mass is attracted by the positive mass, but the positive mass is
repelled by the negative mass. Thus the negative mass comes closer to the
positive mass, which in turn moves away due to the repulsion. Thus they
chase after one another, the negative mass chasing the positive mass. This
occurs spontaneously, even if the two were initially at rest. Such behaviour
is not, in fact, contrary to Newton’s law of conservation of momentum. In-
deed the positive mass particle has momentum mv while the negative mass
particle has momentum �mv, yielding that the total momentum is always
zero. Such a plasma seems to be fundamentally unstable. However, for an
infinite medium, such as the universe, there is no problem. Any pair escap-
ing from a given space-time domain will be replaced with one entering from
without. Overall neutrality is clearly maintained. The instability is akin

8

we can see that the derivative of the right side of this inequality is

� q

R5
1Jnpr

4
(r �R1)

n (R2 � r)m < 0 (24)

that is, this function is a decreasing function of r and thus, inequality (23)
is equivalent to

⇤ � q

R4
1

 
1�

4
R R2

R1
Jnp(⇠) d⇠

R1Jnp (R1)

!
(25)

that is, ⇤ > 0. Since ⇤ does not appear in the value of M , it follows that
there will always be a positive value of ⇤ such that this inequality is verified.
Also, since M < m, for all p and k, there will always be a value of q such
that M < 0 while still having m > 0. The exterior of this bubble would thus
appear as a part of de Sitter space-time with a negative-mass black hole in
it.

4 Conclusion

Negative mass configurations within a de Sitter universe context must have
important consequences in the early universe. In the inflationary epoch, the
universe is essentially a de Sitter space-time. Pair production of negative-
positive mass pairs would give rise to a strange, neutral, gravitational plasma,
which could dominate the behaviour of gravitational waves in the early uni-
verse. Indeed, in contradistinction to oppositely charged pairs which attract
one another, positive and negative mass pairs chase after each other. The
negative mass is attracted by the positive mass, but the positive mass is
repelled by the negative mass. Thus the negative mass comes closer to the
positive mass, which in turn moves away due to the repulsion. Thus they
chase after one another, the negative mass chasing the positive mass. This
occurs spontaneously, even if the two were initially at rest. Such behaviour
is not, in fact, contrary to Newton’s law of conservation of momentum. In-
deed the positive mass particle has momentum mv while the negative mass
particle has momentum �mv, yielding that the total momentum is always
zero. Such a plasma seems to be fundamentally unstable. However, for an
infinite medium, such as the universe, there is no problem. Any pair escap-
ing from a given space-time domain will be replaced with one entering from
without. Overall neutrality is clearly maintained. The instability is akin

8

we can see that the derivative of the right side of this inequality is

� q

R5
1Jnpr

4
(r �R1)

n (R2 � r)m < 0 (24)

that is, this function is a decreasing function of r and thus, inequality (23)
is equivalent to

⇤ � q

R4
1

 
1�

4
R R2

R1
Jnp(⇠) d⇠

R1Jnp (R1)

!
(25)

that is, ⇤ > 0. Since ⇤ does not appear in the value of M , it follows that
there will always be a positive value of ⇤ such that this inequality is verified.
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that M < 0 while still having m > 0. The exterior of this bubble would thus
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occurs spontaneously, even if the two were initially at rest. Such behaviour
is not, in fact, contrary to Newton’s law of conservation of momentum. In-
deed the positive mass particle has momentum mv while the negative mass
particle has momentum �mv, yielding that the total momentum is always
zero. Such a plasma seems to be fundamentally unstable. However, for an
infinite medium, such as the universe, there is no problem. Any pair escap-
ing from a given space-time domain will be replaced with one entering from
without. Overall neutrality is clearly maintained. The instability is akin
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if r < R1. Granted this function is singular at r = 0, but it can be easily
smoothed out by replacing q ! q(r) near r = 0. If r > R2 > R1, then it is
described by

M(r) = M +
⇤r3

6
(17)

and while R1  r  R2, we find the interpolation:

M(r) = �
2q
R r

R1
z3
R z

R1
Jnp(⇠) d⇠ dz

R5
1Jnp (R1)

+

✓
m� q

2R1
+

�R3
1

6

◆

+
(r3 �R3

1)

3R2
1

✓
q

2R2
1

+
�R2

1

2

◆
(18)

with

Jnp(r) =
1

r5

Z R2

r

(z �R1)
n (R2 � z) p dz (19)

M = m+
2q

3R1

 R R2

R1
z3Jnp(z) dz

R4
1Jnp (R1)

� 1

!

= m� 2q

3

R R2

R1

1
z (z �R1) n (R2 � z) p dz

R R2

R1
(z �R1) n (R2 � z) p dz

(20)

� = ⇤� q

R4
1

 
1�

4
R R2

R1
Jnp(⇠) d⇠

R1Jnp (R1)

!
. (21)

This configuration represents a bubble with an interior radius of R1 > 0
containing a charged black hole of mass m > 0 and charge q > 0 and filled
with a cosmological constant � > 0. The exterior radius of the bubble is R2

and behaves like a black hole of mass M < m with a cosmological constant
⇤ > 0. A little work shows that the metric, the connexion and the Einstein
tensor produced by this choice of M(r) are all continuous. Furthermore, the
condition (14) takes the form:

� 2qJnp(r)

R5
1Jnp (R1)

 0 (22)

that is, the sign of Jnp(r) never changes. We can easily see that this is always
true. Condition (15) takes the form:

⇤ � q

R5
1Jnp (R1)

✓
rJnp(r)� 4

Z R2

r

Jnp(⇠) d⇠

◆
(23)
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Conclusions
• We have shown that negative mass configurations which 

everywhere satisfy the dominant energy condition, can exist 
within non-asymptotically flat space-times.

• This could have important consequences for the early universe, 
where the inflationary phase corresponds to a de Sitter universe.

• Pair production of positive and negative mass pairs would give 
rise to a strange gravitational plasma.  

• The negative mass particles would chase after the positive mass 
particles and in principle always exit any Hubble volume.  
However, for an infinite universe, there would always be such 
pairs entering the Hubble volume from outside, so the entire 
system would be stable.

• We speculate that such a plasma would screen gravitational 
waves rendering the initial singularity always hidden behind an 
opaque curtain.
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