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M~R* - topologically trivial manifold (space-time)

x* «=0,123 - Cartesian coordinates

0.5(X), signg,z=(+—-—-) - Lorentzian signature metric

q“(z) - worldline of a point particle T - parameter along worldline
The action

s———[dxTg] R-M[dr[4"¢",,

R(g) - scalar curvature

M - mass of a point particle

. dq”
4 = di - velocity of a particle 1
-



Equations of motion

1 1
Einstein’s equations: R —=g#%#R=-=T%

2 *)
: qﬂqy)gag ~0

Geodesic equations: (qa i Fﬁya‘

where T% = o(X -() - energy-momentum tensor

S(x-q)=5(x*—q')8(x* —q%) 8(x° — q°) - three-dimensional &-function
R,z - Ricci tensor
I ﬂy“ - Christoffel’s symbols

The Schwarzschild solution does not satisfy equations of motion (*)

2

i L T - p*(d6® +sin*0d ¢’
o
Jo,

Where is the o-function ? 2




Point mass in General Relativity

s———[oxTg] R-M [dr|[4"¢",,

Canonical formulation

N?+N”N, N, % _
Jop = N ; - ADM parameterization of the metric
7 pv
a=0u), w=1272 N - lapse function
s N R N ,- shift functions
N = g No- g gvp o 5,0

(gw, p”v), (q”‘, pﬂ) - canonically conjugate pairs of dynamical variables

N,N# - Lagrange multipliers

Timegauge: |7=Q =X =
Notations: P = p”‘”gw, FAJZ = QW PP

Vﬂ, = V”Vﬂ - three-dimensional covariant derivative
and Laplace-Beltrami operator 3




Hamiltonian equations of motion

Constraints:

1 14 A ~
HL = (PP - p2) -8R+ M2+ p% S(x-0) =0

. §:=f|detg,, |
H,=-2V'p,,—p,56(x-q)=0
Dynamical equations:
: 2N N ~ ~
0, = 5 pw—ggyﬁfquﬁvay
N . 1 2N 1
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p =-39 (p Do ij é(p P*p =5 P p)

ACANIR LY T UV A S LV s VD - v - v
+e(ANg”" — VAV N)—eN(R“ —Eg“ Rj—p“prN - p*V , N" +

~ y N H
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Geodesics:

N
S
q T \/M2_|_I32 p



Solution of the equations of motion

Spherical coordinate system t,r,4, @ with particle located at the origin q =0
Staticity: J,p = gaﬂ(x), g S0 P =0

Spherical symmetry: 9, =9,,(r) N=N(r) N,=0

Equations of motion: - éﬁ +167M6(x) =0
é(ANQ”‘”—@ﬁvN)—éN(ﬁW—%gWﬁjzo

o,N

Y7,

=0,

x=0




The main equation

6R =167M S(X)

Ve

R - three-dimensional scalar curvature

é:= | detg,, |

5(x) =8NS (x?)5(X3) - three-dimensional J-function

We are seeking spherically symmetric solution ¢, =— f 25/“, - anzatz

7,

2
A= arms(x)
2

= (912 + 8% + 8§ - flat space Laplacian

of > =5"9,10,f - notation

0,, =diag (+++) - Euclidean metric

Z)(]Rs) - test functions (smooth functions with compact support)
Z)'(RS) - space of generalized functions (distributions) 6



Theorem. Function M M?2 M ‘
f=l+—+—-= (1+ —j
r Ar 2r
satisfies equation of 2
Af—E:—47Z'M5(X) (*)

which solution is understood in a generalized sense after integration
with a test function.

Proof. f € D'(R?) - locally integrable function
(r*,p) = _[Rs dxr’e - analytic functional A € C except poles at A =-3,-5,—7,...
Gel'fand, Shilov. Vol.1 (1958)

o2 M2 A M M?) M?
s —> A|l+—+ — =—-4xMo(X
A i b [ B o T &
M M
A(l+ Tj = AT =—4zM 5(X) - fundamental solution
A M* — M* =0
7L il

Ar"% =(n+2)(n+3)r", neC, ren>0 analytic continuation to 77 =—4 7
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. . _ M
Theorem. Let three-dimensional metricbe ¢, =— 1+2— O,y
I
M

1— 2

2r

Then the lapse function N = satisfy equation

1+ —
2r

é(ANgw_MVN)_éN(st_%gwﬁjzo

In a generalized sense.

M
N(r)>0, b £ 5 N(r) -locally integrable function

13
N(r)=0, r:% NIGPLS)

N(r)<0, O<r<%
N(0) =-1.




Geodesic equations

arN = I\/2I ! 5 # O - geodesic equation is not fulfilled
M
1 de—
( er
X
< IV3I = > = (0 - after averaging over sphere

Equations of motions are not fulfilled

X
——‘3’ =0 - after averaging over sphere
r



Relation to the Schwarzschild solution

2
ds® =[1—2—M]dt2 — d‘Z’M —pz(d92+sin29d¢2)
P 1- 7

Jo,

- the Schwarzschild metric in Schwarzschild coordinates,

white and black holes, no point particle of

M 2
P:r(]-*‘gj - change of radial coordinate AL

d
M ag
2 r
2
2 1_2M 2 MY'F D e
ds® =| —20 | dt® | 1+ | | dr® +(d$* +sin*9dp?) |
1+ 2r
r

- the Schwarzschild metric in isotropic coordinates,
point particle, no black hole 10



Schwarzschild metric in isotropic coordinates

M 2
1M 4
ds® = W - dtz—(1+%) [dr2+(d92+sin29d¢2)]
4+
2r

—o<t<o, O<r<ow, 0<I9<7z, O<p<2r

M~ R* - topologically trivial space-time
Asymptotic flatness at ' — o©
All componentrs are smooth for 0< T <o

2 10
detgqﬂ::—(l—uwlj (1+Iﬂ{) rsin“9
2r

44 M
Metric is degenerate on the sphere I = 7 & P = 2M

f
Schwarzschild radius (horizon)
: . 2M
Asymptotic at large distances: (Jgg =1——— [ —>®
r

= Newton’s law 11



The Einstein-Rosen Bridge

. | L
Coordinate transformation p —> U Eu = p—2M

u2

ds? = dtz—(u2+4M)du2—%(u2+4M)(d.92+sin2dgo2)

Two copies of external Schwarzschild solution are mapped ontoU >0 and U <0

The metric is degenerate at U =0

M
Transformation to isotropic coordinates: Uu=+/2r (I—Ej

M
u>0 < 7<r<oo

u<0o < O<r<%

The Schwarzschild metric in isotropic coordinates

Is globally isometric to Einstein-Rosen bridge s



Conclusion

This is the gravitational field around
massive point particle of mass M

M 2
1M 4
g2 = | —_or | g2_[1. M dr® +(d9* +sin“9de?)
1+2M 2r
-

—o<t<o, O<r<ow, 0<9<r7z, O<p<2r

M~ R* - topologically trivial and asymptotically flat

The space-time is geodesically complete at  — 0, oo

M

and incomplete at I — 7

M M

r> o attraction O<r< o repulsion
13
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